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Abstract 

Theoretical background of continuous contractions of finite-dimensional Lie algebras is rigor- 
ously formulated and developed. In particular, known necessary criteria of contractions are 
collected and new criteria are proposed. A number of requisite invariant and semiinvariant 
quantities are calculated for wide classes of Lie algebras including all low-dimensional Lie 
algebras. 

An algorithm that allows one to handle one-parametric contractions is presented and 
applied to low-dimensional Lie algebras. As a result, all one-parametric continuous con- 
tractions for both the complex and real Lie algebras of dimensions not greater than four 
are constructed with intensive usage of necessary criteria of contractions and with studying 
correspondence between real and complex cases. 

Levels and colevels of low-dimensional Lie algebras are discussed in detail. Properties of 
multi-parametric and repeated contractions are also investigated. 

1 Introduction 

Limiting processes between Lie algebras were first investigated by Segal [69]. The most known 
example concerning these processes is given by connection between relativistic and classical 
mechanics with their underling Poincare and Galilean symmetry groups. If the velocity of light 
is assumed to go to infinity, relativistic mechanics 'transforms' into classical mechanics. This 
also induces a singular transition from the Poincare algebra to the Galilean one. The other 
well-known example is a limit process from quantum mechanics to classical mechanics under 
^ — >■ 0, which corresponds to the contraction of the Heisenberg algebras to the Abelian ones of 
the same dimensions. 

Existing works on contractions can be conditionally divided into two main streams which are 
scarcely connected with each other. One of them is more 'physical' and is mainly oriented to 
applications of contractions. The other one is more 'algebraic' and usually have better math- 
ematical background. Let us simultaneously survey works on the main types of contractions 
existing in the frameworks of both approaches. 

After Segal, the concept of limiting processes between physical theories in terms of contrac- 
tions of the underling symmetry groups was also formulated by Inonii and Wigner [111 I42j . They 
introduced so-called Inonii-Wigner contractions {I W- contractions) which, in spite of their sim- 
plicity, were effectively applied to a wide range of physical and mathematical problems. Later 
Saletan [67] studied the most general class of one-parametric contractions for which the ele- 
ments of the corresponding matrices are first-order polynomials with respect to the contraction 
parameter. Inonii-Wigner contractions obviously form a special subclass in the class of Saletan 
contractions. 

Another extension of the class of Inonii-Wigner contractions is given by generalized Inonii- 
Wigner contractions. They are generated by matrices which become diagonal after suitable 
choices of bases of initial and contracted algebras, and, moreover, diagonal elements should be 
integer powers of the contraction parameters. Contractions of this kind were introduced by Doeb- 
ner and Melsheimer [20]. At the best of our knowledge, the name 'generalized Inonii-Wigner 
contractions' first appears in [34J. The other names (p- contractions, Doebner-Melsheimer con- 
tractions and singular IW- contractions [51]) are also used. Similar contractions are applied 



in the 'purely mathematical' framework and called one-parametric subgroup degenerations [9l 
[71 [H [STj [7T] . The last name came from the algebraic invariant theory [36]. Generalized IW- 
contractions are very useful for applications and were revisited many times. In particular, it 
was incorrectly conjectured that any continuous one-parametric contraction is equivalent to a 
generalized Inonii-Wigner contraction. 

A general definition of contractions was first formulated by Segal |69| in terms of limiting 
processes of bases. It is used as an operational definition for calculations up to now. Saletan |67j 
gave a more rigorous general definition of contractions, which is based on limiting processes 
of Lie brackets and allows one to avoid a confusion with limit state of bases, existing in the 
Segal approach. Saletan's definition was generalized for the case of arbitrary field in terms of 
Lie algebra orbit closures with respect to the Zariski topology. The generalization is a basis of 
modern investigation on contractions and was used by a number of authors, e.g., [Tj [HI [9l [T3t 1311 
[l5l [m [571 [Ml [71] . The name ^degeneration' is often used instead of the name ^contraction' in 
the generalized context. 

A still more general notion of degenerations, which works in case of algebras of different 
dimensions, was proposed in [271 [281 [29] . The algebra g degenerates to the algebra go according 
to Gorbatsevich if g © pAi is contracted to go © qAi in the usual sense for some p, g G N U {0}, 
where pAi and qAi are the p- and g-dimensional Abelian algebras. 

The other type of contractions is given by the purely algebraic notion of graded contractions 
[161 [331 [381 [TBI UHl [77] . The graded contraction procedure is the following. Structure constants 
of a graded Lie algebra are multiplied by numbers which are chosen in such a way that the 
multiplied structure constants give a Lie algebra with the same grading. Graded contractions 
include discrete contractions as a subcase but do not cover all continuous ones. 

Different kinds of contractions and their properties were reviewed and compared in [5lj . The 
interrelations between contractions and deformations or expansions were widely investigated 
[251 [50l [5T1 [23l [32] . The related but principally different problem is given by contractions of Lie 
groups, which are also widely studied and applied. Notions of such contractions were introduced 
in [6l [351 [531 [SZ] with different levels of generality. 

Problems concerning contractions of Lie algebra (or group) representations and simultaneous 
contractions of Lie algebras or Lie groups and their representations are also important and 
demand a special technique which differs from the techniques associated with pure contractions of 
Lie algebras and Lie groups. In spite of existing works on the subject and a range of applications, 
these problems are not studied enough although a number of interesting results have been 
obtained. For example, the contractions of representations of de Sitter groups were described 
in [53]. Contractions of matrix representations of concrete physically significant Lie algebras 
were investigated, e.g., in [TH [58l [76] . Related theoretical inventions and different examples of 
application can also be found in [HI HH [JOl [361 SHI SSI [SH [Ml [59] and in the references therein. 

Intensive investigation of real and complex low-dimensional Lie algebras in last decades is 
motivated by a number of causes. As subalgebras of important higher-dimensional Lie alge- 
bras, these algebras are widely applied in the theory of induced representations (representations 
of subalgebras/subgroups are used to construct representations of the whole algebra/group), 
in the representation theory (chains of subalgebras can provide sets of commuting operators, 
eigenfunctions of which form bases of representation spaces for the corresponding Lie group) 
and in study of broken symmetries. Low-dimensional Lie algebras are also interesting per se and 
supply theoretical consideration with substantial examples. In this connection classifications, 
subalgebras, realizations, invariants, contractions, deformations and other objects concerning 
low-dimensional Lie algebras were studied [5l [221 [Ml [5Ql [55l [621 EB] • 

Contractions of low-dimensional Lie algebras naturally appeared as illustrating examples 
in a number of papers. Thus, in the pioneer paper on contractions [69j Segal adduced two 
such contractions, namely, the contractions from so(3) and sZ(2,]R) to the Weyl-Heisenberg 
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algebra f)3 = vls.i- Some examples are contained also in the known paper by Saletan [67]. After- 
wards contractions of low-dimensional Lie algebras became independent subject of investigation. 
Inonii-Wigner contractions of real three-dimensional Lie algebras were considered |70) but some 
cases were missed. These results were partially amended in [51j . First Inonii-Wigner contrac- 
tions of real three-dimensional Lie algebras were exhaustively described by Conatser [15j . Using 
the known classification of subalgebras of real low-dimensional Lie algebras [62] , Huddleston [39] 
constructed Inonii-Wigner contractions of the four-dimensional real Lie algebras. All inequiva- 
lent continuous one-parametric contractions of real three-dimensional Lie algebras were obtained 
in [75] but contractions inside parameterized series of algebras were not discussed. The same 
problem was nicely solved by Lauret [47] in terms of orbit closures using a non-evident con- 
nection between algebraic characterization of Lie groups having metrics with special curvature 
properties and existence of degenerations for Lie algebras. Orbit closures of complex three- and 
four-dimensional Lie algebras were studied in [9l [U [7l] . It is the works from which we adopted 
the fruitful idea on usage of a wide set of necessary contraction criteria. The same subject was 
also investigated in [ll|2]. In these papers obtained results were presented in a very simple and 
clear form due to special improvement of classification of complex three- and four-dimensional 
Lie algebras. 

Complexity of description of algebra orbit closures is exponentially increased under growing 
dimension of the underlying vector space. A possible ways of simplification is to consider a closed 
subclass of Lie algebras (e.g., nilpotent algebras) instead of the whole class of Lie algebras of a 
fixed dimension. Degenerations of nilpotent algebras were studied in [31], [68] and [TJ [8] in the 
case of dimensions five, six and seven correspondingly. 

Deformations of low-dimensional Lie algebras are also treated intensively. Thus, deforma- 
tions of three-dimensional real Lie algebras were described in [50j . The four-dimensional case 
was completely studied over the complex field 03]. There also exist a number of papers on con- 
tractions and deformations of higher- or even infinite-dimensional Lie algebras (see, e.g., [17]). 
Since this subject is out of the scope of our paper, we do not review it here in detail. 

Investigation of contractions is motivated by numerous applications in different fields of 
physics and mathematics, e.g., in study of representations, invariants and special functions [541 
[T9| [To] . It is one of the tools to recognize structure of Lie algebra varieties [8] . The Wigner co- 
efficients of the Euclidean group E{3) were constructed with contracting the Wigner coefficients 
of the special orthogonal group 50(4) [37]. Contractions were used to establish connection 
between various kinematical groups and to shed a light on their physical meaning. In this way 
relationship between the conformal and Schrodinger groups was elucidated |3] and various Lie 
algebras including a relativistic position operator were interrelated. Under dynamical group 
description of interacting systems, contractions corresponding to the coupling constant going to 
zero give noninteracting systems [21j. Application of contractions allows to derive interesting 
results in the special function theory and on the variable separation method |43 i 164 1 [36]. 

Contractions of low-dimensional Lie algebras also play an important role from the physical 
point of view. It is illustrated by the following simple examples which are related to physics. 
We use the standard physical notations and numeration by Mubarakzyanov [55j simultaneously. 
Hereafter, describing a Lie algebra, we adduce only the nonzero commutators of fixed basis 
elements. See Section [8] for notations and more examples. 

The four-dimensional Lie algebra u{2) = sl{2,M)(BAi has the nonzero commutation relations 
[61,62] = ei, [62,63] = 63 and [61,63] = 2e2- The matrix Ui{e) = Iio diag(e, e, 1, 1) provides a 
contraction of u{2) to the algebra e(2) (B Ai = 5 © Ai ([61,63] = —62, [62,63] = 61), i.e., 
to the direct sum of the three-dimensional Euclidean algebra and the one-dimensional Abelian 
algebra. 

The other example is the contraction of u(2) to the harmonic oscillator algebra f)4 = A^^ 
([62,63] = 61, [62,64] = 62, [63,64] = —63) which frequently occurs in physics. The 'physical' 
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name of f)4 is justified since the set consisting of the creation (a"^), annihilation (a~), identity 
(I) and single-mode photon number (N = a^a~) operators is closed under commutation and 
generates a Lie algebra isomorphic to [^4 with ei = /, 62 = a~, 63 = a"*", 64 = N. The algebra 
u{2) is contracted to f)4 with the matrix U2{£) = hd diag(e, 1, e, 1) 

The subalgebra f)3 = (ei, 62, 63) ([62,63] = ei) of f)4 is also widely applied since it is iso- 
morphic to the algebra formed by the quantum mechanical position operator Q, the momentum 
operator P and the identity operator / via designation 



The main purpose of our paper is to classify contractions of the real and complex Lie algebras 
of dimensions not greater than four. We rigorously formulate and develop a theoretical back- 
ground to do this. Effectiveness of the applied algorithm for handling of contractions is based 
on using a wide set of necessary contraction criteria. A number of known necessary contrac- 
tion criteria are collected and new criteria are proposed. Requisite invariant and semiinvariant 
quantities are calculated for classes of Lie algebras including all low-dimensional Lie algebras. 
Multi-parametric and repeated contractions are also investigated since they give a tool for finding 
contraction matrices in complicated cases. An important by-effect of the present investigation is 
that the contractions under consideration supply with a number of model examples and contrary 
instances for statements and conjectures of the contraction theory. Availability of exhaustive 
information about them also allows us to describe levels and colevels of low-dimensional Lie 
algebras completely. 

This paper is arranged in the following way. 

In Section [2] different definitions of general contractions of Lie algebras and contraction equiv- 
alence are given and discussed. We also construct a contrary instance on a conjecture on equiv- 
alence of contractions. Simplest types of contractions (Inonii-Wigner contractions, Saletan 
contractions and generalized Inonii-Wigner contractions) are described in Section [3l Necessary 
contraction criteria are listed and proved in Section [H Calculation of invariant quantities for 
wide classes of Lie algebras is adduced in Section [5l Section [6] collects algebraic quantities and 
objects concerning real three- and four-dimensional Lie algebras. These quantities are used 
in Section [8] as a base for application of necessary contraction criteria in order to conclude 
whether there is a contraction in an arbitrary pair of the algebras of the same dimension. An 
algorithm for handling of contractions of low-dimensional Lie algebras is precisely formulated 
in Section \7\ and illustrated by examples. All inequivalent one-parametric contractions of the 
real low-dimensional Lie algebras are arranged in Section [8] and supplied with diagrams and 
explicit forms of the contraction matrices. All cases where contractions are equivalent to simple 
or generalized Inonii-Wigner contractions are separated. Levels and colevels of low-dimensional 
Lie algebras are also investigated. Using known correspondence between lists of nonisomorphic 
real and complex low-dimensional Lie algebras, we construct all inequivalent contractions over 
the complex field in Section [9l They are compared with the degenerations of four-dimensional 
Lie algebras, which were found in [21 E] . Multi-parametric and repeated contractions are studied 
in Section [10] and used for construction of contraction matrices in the most complicated cases 
which are not covered by generalized Inonii-Wigner contractions. Some problems arising under 
analysis of obtained results are formulated in the Conclusion. 

2 Definitions of contractions and their equivalence 

Consider an n-dimensional Lie algebra g = (V^, [•, •]) with an underlying n-dimensional vector 
space V over R or C and a Lie bracket [•,•]. Usually the Lie algebra g is defined by means of 
commutation relations in a fixed basis {ei, . . . , e„} of V. More precisely, it is sufficient to write 



ei = /, 62 = 



Q + iP 



Q-iP 
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down only the nonzero commutators [ej,ej] = c^jCk, where c^j are components of the structure 
constant tensor of g. Hereafter the indices i, j, k, i\ j', k', i", j" and k" run from 1 to n and the 
summation over the repeated indices is imphed. 

Consider a continuous function U : (0, ei] — > GL(y), where ei > 0. In other words, Ue = U (e) 
is a nonsingular hnear operator on V for ah e £ (0, ei]. Without loss of generality we can put 
£1 = 1. A parameterized family of new Lie brackets on V is determined via the old one by the 
following way: 

Vee (0,1], Vx,yey: [x, y], = [/.-^[C/.x, C/,y]. 

It is reasonable that for any e G (0, 1] the Lie algebra Qs = (V, [■, -J^) is isomorphic to q. 

Definition 1. If the limit lim = lim Us~^[U£X,Usy] =: [x,y]o exists for any x,y £ V 

e— >+0 e— >+0 

then [•, -Jo is a well-defined Lie bracket. The Lie algebra go = (V, [•, •]o) is called a one-parametric 
continuous contraction (or simply a contraction) of the Lie algebra g. 

If a basis of V is fixed, the operator Ue is defined by the corresponding matrix. Definition [T] 
can be reformulated in terms of structure constants. 

Definition 1'. Let c^j be the structure constants of the algebra g in the fixed basis {ei, . . . , 6^}. 
If the limit 

^lim^([4)Mf4)j,(f4-^)r4=^4 

exists for all values of i' , j' and k' then c^,j, are components of the well-defined structure constant 
tensor of a Lie algebra go. In this case the Lie algebra go is called a one-parametric continuous 
contraction (or simply contraction) of the Lie algebra g. The parameter e and the matrix- 
function U = U{e) are called a contraction parameter and a contraction matrix correspondingly. 
The procedure that provides the Lie algebra go from the algebra g is also called a contraction. 

Definitions [T] and [T^ are equivalent. The first definition is basis-free and convenient for the- 
oretical consideration. The second one is more usable for calculations of concrete contractions. 
In this paper we mainly use Definition [71 

The well-known Inonii-Wigner [41], Saletan [67] and generalized Inonii-Wigner [20] contrac- 
tions are particular cases of the above one-parametric continuous contractions. 

Definition 2. We call a contraction from the Lie algebra g to the Lie algebra go trivial if go is 
Abelian and improper if go is isomorphic to g. 

If there exists a componentwise limit lim Ue =■ Uq and Uq £ GL(V) then it is obvious that 

the contraction is improper. Therefore, in order to generate a proper contraction, the matrix- 
function U have to satisfy one of the conditions: 1) there is no limit of C/ at e — > -|-0, i.e., at 
least one of the elements of U is singular under e +0, or 2) there exists lim Ue =: Uq but the 

matrix Uq is singular. Both the conditions are not sufficient for the contraction to be proper. 

The trivial and improper contractions exist for any Lie algebra. The trivial contraction 
is easily provided, e.g., by the matrix Ue = diag(e,e, . . . ,e). As a contraction matrix of the 
improper contraction, the identity matrix Ue = diag(l, 1, . . . , 1) can be always used. Sometimes 
the trivial and improper contractions are united in the common class of trivial contractions [78] . 

The Abelian algebra is contracted only to itself. It is a special case when the contraction is 
trivial and improper at the same time. 

Definition 3. Let the Lie algebras g and g be contracted to the algebras go and go, correspond- 
ingly. If g is isomorphic to g and go is isomorphic to go then the contractions are called weakly 
equivalent. 
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Roughly speaking, all contractions in the same pairs of Lie algebras are weakly equivalent. 
Under usage of weak equivalence, attention is concentrated on possibility and results of con- 
tractions. Difference in ways of contractions is neglected by this approach. For parametric 
contractions we can also introduce different notions of stronger equivalence, which take into 
account ways of contractions. Hereafter Aut(0) denotes the automorphism group of the Lie al- 
gebra Q and Iso(g, g) denotes the set of isomorphisms from the Lie algebra g to the Lie algebra g. 
Additionally we identify isomorphisms with the corresponding matrices in a fixed basis. 

Definition 4. Two one-parametric contractions in the same pair of Lie algebras (g,go) with 
the contraction matrices U{e) and are called strictly equivalent if there exists 6 E (0,1], 
there exist functions U : {0,6] Aut(g) and {/: {0,6] Aut(go) and a continuous monotonic 
function ip: (0,(5] (0,1], lim Lp{e) = 0, such that 

Ue = UeU^ie)Ue, ee{0,S]. 

The latter definition can be reformulated for different pairs of algebras, which are term-by- 
term isomorphic. 

Definition 4'. Let the isomorphic Lie algebras g and g be contracted to the isomorphic algebras 
go and go with the contraction matrices U{e) and U{e) correspondingly. These contractions are 
called strictly equivalent if there exists 6 E (0, 1], there exist functions U: {0,6] Iso(g,g) and 
U : {0,6] — > Iso(go)0o) and a continuous monotonic function cp: {0,6] — > (0,1], lim ip{e) = 0, 

such that 



Ue = U-^U^^e)Ue, eG{0,6]. 

Strictly equivalent contractions obviously are weakly equivalent. In our consideration we 
use only the notion of weak equivalence hence weakly equivalent contractions will be called 
equivalent ones for simplicity. 

Remark 1. The restriction that C/ and {/ should be isomorphism matrices cannot be omitted 
with preserving correctness. 

The contractions of a Lie algebra, which are defined by the matrices Us and WqUsWo, where 
U : (0, 1] — > GL{V), Wq, Wq E GL{V), are weakly inequivalent in the general case. For example, 
the algebra s?(2,R) ([61,62] = 61, [62,63] = 63, [61,63] = 262) is contracted to the Heisenberg 
algebra A^ i ([62, 63] = 61) with the matrix diag(e, e, 1) and to the algebra ^3 5 ([61, 63] = —62, 
[e2; 63] = 61) with the matrix diag(e, e, 1). Here I3 and are nonsingular matrices defined in 
Section 18. 1[ 

Moreover, let W,U,W: (0, 1] ^ GL{V) and 

3 lim We =: Wo E GL{V), 3 lim W^ =: Wq E GL{V). 



+0 



Generally speaking, the matrices WsUeWe and WqUsWo can also give weakly inequivalent con- 
tractions. This statement is illustrated by the below example. Therefore, Lemma 2.2 of [78j is 
incorrect. 

Example 1. Consider the one-parametric continuous contraction of the four-dimensional real 

^4.1 given by the matrix 
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so{3) Q 
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Taking the canonical commutation relations [ei, 62] = 63, [e2, 63] = ei, [63, ei] = 62 of the algebra 
so{3) © Ai (the commutators with 64 vanish), we calculate the transformed commutators up to 
antisymmetry: 



[ei,e2] 
[62,64] 



0, 
ei 



[61,63] 

■£^63, 



= 0, [61, 64], 

[63, 64]^ = 62. 



0, 



[62,63je 



£^64, 



61, 



After the limiting process e — > +0 we obtain the canonical commutation relations [e2, 64]o 
[63, 64] = 63 of the algebra A41. 

Let us fix an arbitrary e G (0, 1]. Since the matrix Us is nonsingular, its polar decomposition 
has the form 11^ = PeT^, where := {UsUs'^)^^'^ is a real symmetric matrix with positive 
eigenvalues and := P^^^Us is a real orthogonal matrix. Denote a real orthogonal matrix 
which reduces P^ to a diagonal matrix by W^, i.e., Pg = WeD^W^^ . As a result, we derive 
the representation = WgD^We, where W,. = Wj^Tg = Ds^'^Ws'^Us is an orthogonal matrix. 
The explicit form of the matrices W^, and is 



\ 








Ds 



6*4 

1 
1 
6'_ / 

diag(i^ + i,0,0,/^ 



Ws 



( 


-e+ 







-1 











1 







/ 



where 



K 



+ 1, 



2K + 1 



2 ' ' ^ V 4i^: ' " 

The matrices and converge under e 



2K - 1 
4K ' 



/ 1 \ 

10 

10 

V 1 / 



and W( 







+0 to the constant nonsingular matrices 
1 



V 












-1 








-1 






\ 


1 

/ 



Consider the matrix 11^ = WqDsWq constructed from the representation = WgD^Ws with 
replacement of the matrices Wg and Wg by their regular limits. We transform the canonical 
commutation relations of the algebra so(3) © Ai with the matrix Us and limit e — > +0: 



[6l,62]e = ^(\/4e4 + 1-1)64 



[61,64] 
[62,64] 



V4e4 + 1-1 



2e2 



-62 



2e^ 



V4e4 + 1-1 



61 



61, 



0, [ei,e3]e = 0, 

0, [e2,63]e = 0, 

[63, 64]^ = 0. 



As a result, we obtain commutation relations of the algebra A^^i 
Us and Us lead to weakly inequivalent contractions. 



' Ai. Therefore, the matrices 



The notion of sequential contractions is introduced similar to continuous contractions. See, 

e.g., mM- 

Consider a sequence of Up G GL(y), p G N. The corresponding sequence of new Lie brackets 
on V is determined via the old one by the condition [x, y]p = Up'^ [UpX, Upu] V p S N, V x, y S F . 
For any p G N the Lie algebra Qp = iV, [•, ■]p) is isomorphic to g. 
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Definition 5. If the limit lim = lim Up ^[UpX,Upy] =: [x,y]o exists for any x,y ^ V 

p— »oo p— >oo 

then the Lie bracket [•, ■]q is well-defined. The Lie algebra 50 = ["> "Jo) is called a sequential 
contraction of the Lie algebra g. 

Any continuous contraction from q to go gives an infinite family of matrix sequences resulting 
in the sequential contraction from g to go- More precisely, if Us is the matrix of the continuous 
contraction and the sequence {sp, p G N} satisfies the conditions Sp £ (0, 1], Sp +0, p ^ 00, 
then {Ugp, p G N} is a suitable matrix sequence. 

The notion of contraction is generalized to arbitrary fields in terms of orbit closures in the 
variety of Lie algebras [HI El El [271 [Ml ED HZ] . 

Let V be an n-dimensional vector space over a field IC and Cn = >Cn(IK) denote the set of all 
possible Lie brackets on V. We identify fi £ Cn with the corresponding Lie algebra g = {V,fi). 
Cn is an algebraic subset of the variety V* (^V* (dV of bilinear maps from V xV to V. Indeed, 
under setting a basis {ei, . . . , e„} of V there is the one-to-one correspondence between and 

Cn = {{Cij) £ K" I C^j + C^j = 0, cljCi/f. + C^jC^/j- + C^-fcC^/j = 0}, 

which is determined for any Lie bracket ^ £ Cn and any structure constant tuple {c^j) £ Cn by 
the formula ^{ei,ej) = c^jCk- Cn is called the variety of n-dimensional Lie algebras (over the 
field M.) or, more precisely, the variety of possible Lie brackets on V. The group GL(V) acts on 
Cn in the following way: 

{U ■ii){x,y) = U{fi{U-^x,U~^y)) Vf/ £ GL{V)yn £ £„,Vx,y e V. 

(It is a left action in contrast to the right action which is more usual for the 'physical' contraction 
tradition and defined by the formula {U ■ n){x, y) = U~^ (^fi{Ux, U y)) that is not of fundamental 
importance. We use the right action all over the paper except this paragraph.) Denote the orbit 
oi fi £ Cn under the action of GL{V) by 0{fj,) and the closure of it with respect to the Zariski 
topology on Cn by 0{fi). 

Definition 6. The Lie algebra go = {V, fio) is called a contraction (or degeneration) of the Lie 
algebra g = {V, fi) if fiQ £ 0{ii). The contraction is proper if /xo £ 0{fj,)\0{fi). The contraction 
is nontrivial if ^uq ^0. 

In the case of K = C or K = M the orbit closures with respect to the Zariski topology coincide 
with the orbit closures with respect to the Euclidean topology and Definition [6] is reduced to 
the usual definition of contractions. 

3 Simplest types of contractions 

Inonii-Wigner contractions present limit processes between Lie algebras with contraction ma- 
trices of simplest types. Most of contractions of low-dimensional Lie algebras are equivalent to 
such contractions. We discuss their properties which are essential for further consideration. 

Simple Inonii-Wigner contractions or shortly IW-contractions first proposed in [H] are gen- 
erated by matrices of the form Us = Uq + ^Uq, where Uq and Uq are constant n x n matri- 
ces. The matrix Us is additionally assumed to be transformable to the special diagonal form 
WUsW~^ = diag(l + ef , . . . , 1 + ev, e, . . . , e) =: Ds by means of the regular constant matrices W 
and W. The assumption was investigated by Inonii and Wigner themselves [42] . Without loss of 
generality we can put v = 0. The matrix Ds provides the contractions from g to go. Here g and go 
are Lie algebras with the Lie brackets [x, y]~= W[W~^x, W~^y] and [x, y]o = W[W^^x, W~^y]o, 
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which are obviously isomorphic to g and Qq. Therefore, it can be assumed at once that C/e = D^, 
i.e. 



Ue = diag(l,... ,e). 

Denote the number of diagonal elements equal to 1 by s. Then, the dimension of e-block is n — s. 
It is convenient to divide the set of basis elements {ei, . . . , e„} of into two subsets {ei, . . . , e^} 
and {cs+i, . . . , e„} according to the values of diagonal elements. Since 

[ei„ej,]e = c'll-^ek^ + ^cf'j.efc^ + 0(e) ^ cfji^^i + ^^Ih^k^, e ^ +0, 

where the indices ii, ji and ki run from 1 to s and the indices 32 and k2 run from s + 1 to n, 
then c^'^j^ = 0. Therefore, the basis elements ei,...,es generate a subalgebra of the initial 
algebra g. It is the unique condition for the contraction to exist. All structure constants of the 
resulting algebra go are easily calculated: 

iih nil' nh hji ^' ^iij2 ^' ^iij2 ^hj2' %i2 ^«2j2 ^' 

Let us make a summary of properties of the IW-contractions (see, e.g., [5T] for some 
properties). Each subalgebra \) of the Lie algebra g can be used to obtain an IW-contraction 
of g. Improper subalgebras correspond to improper {\) = g) or trivial (f) = {0}) IW-contractions. 
Different choices of basis complement to a basis of f) or replacement of f) by an equivalent 
subalgebra of g give the same contracted algebra up to isomorphism. The contracted algebra go 
has the structure of semidirect sum 5 a, where o is the Abelian ideal spanned on the chosen 
basis complement to a basis of f). The subalgebra \) is isomorphic to the quotient algebra Qo/a. 
And vice versa, the Lie algebra go is an IW-contraction of the algebra g with the subalgebra f) 
iff there exists an Abelian ideal o C go for which the quotient algebra go/ci is isomorphic to f). 
The repeated IW-contraction with the same subalgebra f) again results in the algebra go- 

Any IW-contraction satisfies two assumptions: 1) the contraction matrix is linear with respect 
to the contraction parameter; 2) there exist constant regular matrices W and W diagonalizing 
the contraction matrix. It is well known that IW-contractions do not exhaust all possible 
contractions even in the case of three-dimensional Lie algebras. IW-contractions of the three- 
dimensional rotation algebra so(3) result in only one nontrivial and proper contraction to the 
Lie algebra ^35- At the same time, there also exists the proper contraction from so(3) to the 
Heisenberg algebra fjs = ^3.1 and it is not provided by IW-contractions (see Sections [6] and |8] 
for details). 

Saletan [67j studied the whole class of contractions linear with respect to the contraction 
parameter, i.e., contractions generated by the matrices of the form U{e) = Uq + sUq, where 
Uq and Uq are constant matrices. Now such contractions are called Saletan contractions or, 
shortly, S-contractions. The assumption U{1) = E, where E is the unit matrix, can be imposed 
with basis change and reparameterization without loss of generality. Then the contraction 
matrix takes the form U{e) = eE + (1 — e)C/, where C/ is a constant matrix. Conditions on the 
matrix ?7 of a well-defined S-contraction were formulated in [67] . Iterations of S-contractions with 
the same contraction matrix result in a finite chain of nonisomorphic algebras. The repeated 
contraction from the first algebra to the last algebra of the chain is an IW-contraction [63 
I51j . Any IW-contraction obviously is an S-contraction and there exist S-contractions which are 
inequivalent to IW-contractions. Thus, Saletan proved that the contraction so(3) © ^1 — > 9 
is realized via an S-contraction and is equivalent to no IW-contraction. At the same time, 
S-contractions do not also exhaust all possible contractions of Lie algebras. An illustrative 
example is again given by the contraction so(3) ^ f)3 = j43.i, which is not provided even by 
S-contractions [67]. 
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Another generalization of the class of IW-contractions is given by generalized I W- contractions 
(or Doehner-Melsheimer contractions) [Ml [5T] for which the linearity condition is replaced 
by the condition that the elements of the diagonalized contraction matrix are (integer) powers 
of the contraction parameter. Namely, the contraction matrix of a generalized IW-contraction 
has the form {7(e) = W^"^ diag(e°i,e°2^ _ _ _ ,e"")T^, where W and W are nonsingular constant 
matrices and ai, 02, • • • i G ^- As in the case of simple IW-contractions, due to possibility of 
replacement of Lie algebras by isomorphic ones we can assmne that W = W = E, i.e. 

U{e) =diag{e"\e°\...,e""). 

Then the structure constants of the resulting algebra Qq are calculated by the formula 

cf. = lim £"'+"^-"'=4 

with no summation with respect to the repeated indices. Therefore, the constraints 

ai + Oj^Ok, i,j,k = l,...,n if cf^ / 

are necessary and sufficient for the existence of the well-defined generalized IW-contraction with 
the contraction matrix U{e) and 

c^j = cfj if ai + Oj = ak and cf^ = otherwise. 

The conditions on contraction existence and the resulting algebra can be reformulated in the 
basis-independent terms of filtrations on the initial algebra and of associated graded Lie alge- 
bras [3T]. 

IW-contractions clearly form subclass of generalized IW-contractions with ai S {0, 1}. A nat- 
ural question is whether any generalized IW-contraction can be decomposed to a sequence of 
successive IW-contractions. The unique nontrivial generalized IW-contraction between three- 
dimensional algebras is given by two successive IW-contractions so(3) — > 5 — > ^3.1. Inonii [40] 
and Sharp ^70j formulated the proposition that the decomposition is not always possible. It was 
shown [5l] that decomposability of a generalized IW-contraction implies additional constraints 
on structure constants of the initial Lie algebra. We construct a number of generalized IW- 
contractions of four-dimensional algebras, which are not decomposed to a sequence of simple 
IW-contractions. For example, the algebra ^4.4 having the nonzero commutation relations 
[61,64] = 61, [62,64] = 61 + 62, [63,64] =62 + 63 is contracted to the algebra ^4.1 ([62,64] = ei, 
[63,64] = 62) by the generalized IW-contraction with the matrix diag(e^, e, 1, e). This contrac- 
tion obviously illustrates the above statement since it is direct, i.e., there are no Lie algebra g 
such that the contractions yl4.4 g and g ^4,1 are proper. See Remark 1101 for more examples. 

Remark 2. If some of the powers ai,a2, ■ ■ ■ ,Oin in the contraction matrix U{£) are negative, 
the limit of C/(e) under e — > +0 does not exist. It is not precisely known up to now in what 
situations it is sufficient to consider only nonnegative powers of e. Results of this paper imply 
that all contractions of the three- and four-dimensional Lie algebras are weakly equivalent to 
the ones for which the limit of the contraction matrices exists. 



4 Necessary contraction criteria 

An optimal way of exhaustive investigation of contractions in a set of Lie algebras includes 
intensive usage of necessary criteria based on quantities which are invariant or semiinvariant 
under contractions. The invariant quantities are preserved under contractions. Semiinvariance 
means existence of inequalities between the corresponding quantities of initial and contracted 
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algebras. Since contractions are limit processes, the terms of continuity and semicontinuity can 
be used instead of invariance and semiinvariance. 

For convenience we collect the relations between invariant or semiinvariant quantities as 
necessary criteria of contractions in Theorem [1] 

Below we use the following notations of quantities and objects connected with the algebra g: 
the differentiation algebra Derg, the orbit 0{q) under action of GL(y) in the variety £„ of 
n-dimensional Lie algebras, the center Z{q), the radical R{q)^ the nilradical N{q)^ the maximal 
dimension nx{Q) of Abelian subalgebras, the maximal dimension nAi(g) of Abelian ideals, the 
Killing form k, the rank r^, i.e., the dimension of the Cartan subalgebras, the adjoint and 
coadjoint representations adg and ad*g, the adjoint representation a.dx of the element x G g 
and the ranks of adjoint and coadjoint representations which are calculated in a fixed basis by 
the formulas 

rank(adg) = maxrank(cf,x-') and rank(ad* g) = max rank(c^ tifc). 

Let us also define three standard series of characteristic ideals of g, namely, 

the lower central series: g° D g^ D • • • D g' D • • • , 

the derived series: g^°^ D g^^^ D • • • D g^'^ D • • • , 

the upper central series: g^Q-j C ^(X) C • • • C g^^^ C • • • , 

where g° = g, g' = [g,g'"^], g(°) = g, g^'^ = [g^'^^^g^'^^^], g(o) = {0}, g(/)/0(«-i) is the center of 
g/g(/_i), / G N. In particular, g-*^ = g^^^ = [g,g], g(i) = ^(g). If g is a solvable (nilpotent) Lie 
algebra, = 'rs(g) (rn = 'rn(g)) denotes the solvability (nilpotency) rank of g, i.e., the minimal 
number / such that g(') = {0} (g' = {0}). 

Suppose that tr(adu^) / 0, tr(adu'^) / and tr(adu^ ad^'^) / for some p, g E N and n, v G g 
and the value 



tr(ad„P) tr(ad„'?) 
tr(ad„P ad„9) 



does not depend on u and v. Then = Cp5(g) is a well-defined invariant characteristic of the 
algebra g, i.e., it is a constant on the orbit 0{q). 

Denote the rank of positive (negative) part of the Killing form Kg, i.e., the number of pos- 
itive (negative) diagonal elements of a diagonal form of its matrix, by rank+ Kg (rank_ Kg). In 
view of the law of inertia of quadratic forms, rank+ Kg and rank_ Kg are invariant under basis 
transformations over M. For any a G M we introduce the modified Killing form 

Kg = tr(adM ad^) + a tr(adu) tr(adt,) 

and the corresponding values rank+ Kg and rank_ k" . The Killing form is the special case of 
the modified Killing form with a = 0. 

The following technical lemma is very useful for further considerations. 

Lemma 1. Let Ap, p S N, he a sequence of real or complex matrices of the same dimensions 
and there exists componentwise limit of Ap, p oo, denoted by Aq. If lank Ap = r V^j G N then 
rank^o ^ 

Theorem 1. // the Lie algebra go is a proper (continuous or sequential) contraction of the Lie 
algebra g, then the following set of relations holds true: 

1) dimDergo > dimDerg (and dim ©(go) < dimC'(g)); 
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2) riAido) ^ riAie); 

3) dimZ(go) ^ dimZ(g); moreover, dim0o(«) ^ dimg^;), ^ G N; 

4) dimgf,'^ ^ dimgW, / g N; 

5) dim0Q ^ dimg', / G N; 

6) dimi?(3o) ^ dimi?(g); 

7) dimiV(go) > dimiV(s); 

8) nAi(5o) ^ riAiis); 

9) ''go ^ ''g'' 

10) rank ad 3o ^ rank ad g, rank ad* go ^ rank ad* g; 

11) rankKgj) ^ rank Kg; 

12) go is unimodular if q is unimodular, i.e., tr(adu) = for any u in q implies the same 
condition in go; 

12') moreover, for any fixed / E N go «s l-unimodular if q is l-unimodular, i.e., tr(aduO = 
for any u in Q implies the same condition in go; 

13) if Q is solvable Lie algebra then go is also solvable and J'slSo) ^ fs{Q)j 

14) if Q is nilpotent Lie algebra then go is also nilpotent and rn(go) ^ '"n(0))' 

15) ^pg(go) = '^pqis) for all values p,q G N, where the invariants Cpq(go) and ^pq(g) are 
well-defined; 

16) (only over M/J rank+ Kg^ ^ rank+ Kg and rank_ /tg^ ^ rank_ Kg; moreover for any a GM. 
rank+ k'^^ ^ rank+ Kg and rank_ Kg^ ^ rank_ Kg ; 

17) if the algebra Qq is rigid then it is not a contraction of any g and if there is no deformation 
from Qq to Q, then there is no contraction from g to go- 

Proof. It is sufficient to prove tfie theorem in the case of sequential contractions. The statement 
on continuous contractions directly follows from the one on sequential contractions. We use the 
notations introduced at the beginning of the section. 

At first, Criteria [4] and [5] are proved in detail. The statements are true if dim[g, g] = dimg =: 
n. Indeed, in this case dimg*^') = dimg' = n for alH G N that results in Criteria U] and [5] in view 
of the obvious conditions dimgg'' ^ dim go, dimgg ^ dim go and dim go = dimg = n. 

Suppose that dim[g, g] < n. Let {e^, . . . , e"} be the basis in the dual space V*, which is dual 
to the basis {ei, . . . , e„}, i.e., (e*, ej) = 6j. Here 5* is the Kronecker delta. We define A as the 
nxn"^ matrix consisting of the elements c^j = {e^, [ei, ej]), where the index k runs the row range 
and the index pair (i,j) runs the column range: 



A 



-^1 /^"^ • • • /~*"^ • • • /^"^ • • • /^"^ 



,2 



'11 "-In ''21 '-2n "-nl "-nn 



-11 "-In '-21 '-2ri '^nl 



Due to antisymmetry of c^j in subscripts, we can take only columns with i < j into account. 
Analogously we introduce the matrices Ap and Aq for the algebras g^ and go. 

The dimensions of [g,g] and [g,g]p coincide. Denote the common value of dimensions as ni. 
These statements are reformulated in terms of the introduced matrices A and Ap: 

rank A = rankAp = ni. 
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Therefore, ah (ni + l)-dimensional minors of any matrix Ap, p G N equal to zero. Moreover, we 
have 

Cp,ij = t*^*' ^ '^o,ij = (e'', h, ej]o), p ^ oo, 

i.e., the elements of the matrix Ap go to the corresponding elements of the matrix Aq. It leads 
to the convergency of minors. Consequently, any (ni + l)-dimensional minor of the matrix Aq 
vanishes. It implies that rank^o ^ ^^-i) i-e., [soiBo] ^ ni, Criteria H] and for / = 1 have been 
proved. 

Criteria m and [H for the other values of I are proved analogously. The requisite matrices are 
defined in the similar way as the matrices A, Ap and Aq in the case / = 1 with replacement of 
the usual commutators [ei,ej] by the corresponding repeated commutators of basis elements. 

Criteria [9l [10] and [11] are proved in a similar and simpler way via the limit process p — > cxd in 
the formulas 

Tg = n — maxrank(cjjx-'')"' = = n — maxrank(Cp j^x-')"', 
rank(adg) = maxrank(c^x-') = rank(adgp) = maxrank(cp j^x-'), 
rank (ad* 3) = max rankfcf Ufc) = rank(ad* g„) = max rankfc^ j Ufc), 

rank(Kg) = rank(cfj.4fc) = ^^^Hi^Sp) = ^^^H4,ij4>,i'k^' P^^- 

Criteria 1121 and \ l2'\ are obvious since tr(adu') = for any n in g implies the same condition 
in Qp and tr(ad0p,„') tr(ad0o,n')) 00. 

Criteria [13] and [13] directly follow from Criteria H] and [5] 

Since the radical -R(g) is the orthogonal complement of the derivative [g,Q] with respect to 
the Killing form Kg [33] then dimi?(g) = dimi?(gp) coincides with the value 

n - rank(c^j.4fcCi''i") = " '^^^H4,ij4>,i'k4,i"j"^^ P^^' 

In the matrices the index pair {i" runs the row range and the index i runs the column range. 
The limit process p — > 00 in the latter formula results in Criterion [6] 

The center Z[g) coincides with the set of solutions of the system [ei,x] = 0, or c^^x-^ = in 
the coordinate form. Therefore, dimZ(g) = dimZ(gp) equals to 

n — rank(c^j) = n — rank(Cp j^), p G N, 

where the index pair {k,j) runs the row range and the index i runs the column range. The limit 
process p — > 00 in the latter formula implies Criterion [3] for 1 = 1. Proof for the other values 
of / is similar. Instead of (cf^) = ((e'^, [e^, ej])), the matrix ((e'^, [. . . [e^, ejj, . . . , e^J)) should be 
used, where the index tuple {k,ji, . . . ,ji) runs the row range and the index i runs the column 
range. 

Criterion [15] is true in view of invariance property of (Lpq. 

Proof of Criterion [2] is also adduced in detail since it presents another typical trick which is 
used in deriving necessary contraction criteria. Let riAid) = L Then nA(Sp) = I too. We change 
the basis of Qp with a nonsingular matrix Wp that 

Cp,ij=0 if iji^l. 

Here Cp = iWpy-,(Wpyj,{Wp~^)'l Cp-,j, are the structure constants of Qp in the new basis. Due 
to possibility of 'orthogonahzation' of the basis, we can assume without loss generality that Wp 
is an orthogonal (unitary) matrix in the case of the real (complex) field. The set of orthogonal 



13 



(or unitary) matrices is compact in the induced 'Euclidean' matrix norm. Therefore, there exists 
a convergent subsequence {VFp^, g S N}. Denote the orthogonal (unitary) matrix being the limit 
of this subsequence by Wq. Then 

= (M^pJMW^pJ'-'(VF,,-i)r<,y - iWoyAWo)i,{Wo-')'k4,,, = 4,, q - oo. 

Hence c^^j = if i,j ^ / in view of the same condition for c^^j, i.e., go contains an l- 
dimensional Abelian subalgebra that implies Criterion [2j 

Criteria [6l [7] and [8] are proved in a similar way with replacement of the Abelian subalgebra 
condition by the ideal condition 

Cp ij =0 if (i ^ / or j ^ /) and k > I 

completed with the conditions 

Cpij =0 if and k > max(i,j), / = dimi?(9), 

Cp =0 if and k ^ max(i,j), / = dimA'"(g), 

Cp,ij=0 if iji^l, / = nAi(g) 

of solvability for the radical, nilpotency for the nilradical and commutativity for an Abelian 
ideal of the maximal dimension correspondingly. Other conditions of solvability and nilpotency 
can also be used. Let us note that we derive the second proof of Criterion O 

Similar technique based on compactness of the set of orthogonal matrices is used in proof of 
Criterion [T6l Denote the number of positive (negative) diagonal elements of a diagonal form of 
a symmetric matrix K by rank+ K (rank_ K) . 

It is sufficient to prove that for any convergent sequence of symmetric matrices Kp Kq, 
p ^ oo, with rank+ Kp = r+ and rank_ Kp = r_, p S N, the inequalities rank+ Kq ^ r+ and 
rank_ Kq ^ r_ are true. Then this statement is applied to the sequence of the matrices of the 
(modified) Killing forms of the algebras Qp, which have the same values of rank+ and rank_ in 
view of the inertia law of quadratic forms and converge to the matrix of the (modified) Killing 
form of the resulting algebra go- 

Let Wp be the orthogonal matrix which reduces Kp to the matrix Dp = diag((ip^i, . . . ,dp^n), 
where dp^i^ > for ii = 1, . . . ,r+, dp.jj < for ^2 = r+ + 1, • • • , + r_ and dp.jg = for 
is = r+ + r_ + l, . . . ,n (r+ + r_ ^ n). So, Kp = WpDpWp^. We choose a convergent subsequence 
{Wpg, (? G N} and denote the orthogonal matrix being the limit of this subsequence by Wq. Then 

Dp^ = WpjKp^Wp^ ^ Wq^KqWq =: Dq, q ^ oo. 

Dq is a diagonal matrix diag(do,i, . . . , do,n) as the limit of the sequence of the diagonal matrices 
Dp^, q £ N. Moreover, dQ^i-^ ^ for ii = 1, . . . , r+, do,i2 ^ for i2 = r+ + 1, . . . , r+ + r_ and 
do,i-i = for Z3 = r_|_ + r_ + 1, . . . , n that implies the requisite statement. 

Criteria [T] and [T7I were proved, e.g., in [31[3Tl[7l]. □ 

Remark 3. The criteria can be reformulated in terms of closed subsets of the variety An of 
n-dimensional Lie algebras. Thus, the sets of nilpotent, solvable and unimodular algebras are 
closed. The sets {g G I dimg' ^ ?"}, {g G An \ dimg*^') ^ '^l) {s G An \ dimg(;) ^ r} and 
similar ones are closed for each / and r = 0, . . . , n. 

Remark 4. Necessary criteria already appeared in early papers on contractions of Lie algebras. 
Thus, in his pioneer paper [69] Segal used the criterion based on the law of inertia of the Killing 
forms (the first part of Criterion [16]) in the case of compact semisimple Lie algebras. The 
inequality on dimensions of the derived algebras dim [go, go] ^ dim[g, g] was proved in [67] in the 
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practically same way as above. Criteria [3] and [5] on upper and lower central series arise under 
studying varieties of nilpotent algebras [73j . Very important Criterion [1] is a direct consequence 
of the lemma on orbit closures, which is adduced, e.g., in Criterion [2] was proved in [31] with 
usage of the Iwasawa decomposition. It was pointed out in [68] that the same technique can 
be used to prove other necessary contraction criteria. Restricting ourself with real and complex 
cases, we simplify this technique and use it also to prove Criteria [HIT] and [8l Criteria [3l H] and [5] 
were applied simultaneously in [35], see also discussion in [29]. All the above criteria are based on 
semiinvariant values. Criterion [15] on the invariant algebra characteristic (tpq was first proposed 
and effectively used in [9l [71] . A number of criteria are collected ibid and key ideas on proof 
of them were also formulated. In particular, Criterion [9] was adopted by us from there. Let us 
note that is a generalization of the invariant J = tr(adu^)/(tr ad^j)^ introduced in [15]. The 
part of Criterion [10] on rank of coadjoint representations arises in investigation of connections 
between invariants of initial and contracted algebras [10[ 111]. Criterion [T7l was discussed, e.g., 
in [51j . There exist also other criteria, e.g., ones connected with cohomologies of Lie algebras [8]. 

Remark 5. The list of criteria can be extended with other quantities which concern algebras 
and are semiinvariant under contractions [9]. The criteria used in this paper are simple from 
the computing point of view. 

The set (or even a subset) of the adduced criteria is complete for the three- and four- 
dimensional Lie algebras in the sense that they precisely separate all pairs of algebras, which do 
not admit contractions. The question on completeness of the adduced criteria in the case of Lie 
algebras of higher dimensions is still open. 

The set of criteria is not minimal. Some criteria are induced by others. For example, Criteria[3] 
and [5] imply Criteria [13] and [14] 

Criteria differ from each other in effectiveness. Criteria [1] and [12] are most powerful since 
they exclude possibility of contractions in most pairs of low-dimensional Lie algebras. This fact 
is illustrated by examples of Section [7] 

Criterion [16] is the unique criterion which is special for the real field. Only it works for pairs 
of algebras having a contraction over C and no contractions over M. See Remark [12] additionally. 

Remark 6. Criterion [T] is singular and particularly powerful due to appearance of strict inequal- 
ity in it. It is the unique criterion which enables investigation of contractions in series of Lie 
algebras in a simple way. Since the dimensions of the differentiation algebras for the nonsingular 
values of the parameters in series of Lie algebras coincide, Criterion [T] implies the absence of 
contractions between these cases. 

The weakened version of Criterion [T] with unstrict inequality is proved analogous to a number 
of other criteria. Indeed, in a fixed basis of V the coefficients d*- of the matrix of any operator 
from Der g satisfy the homogenous system of linear equations 

„k',k _ k ,i' I k ,j' 

Let A be the matrix of this system and Ap and Aq be the similar matrices for the algebras Qp 
and 00- Then dim Der g = — ranked = dim Der = — rankj4p and dim Der go = — 
rank^o- Therefore, the inequality dim Der go ^ dim Der g obviously follows from Lemma [H 
(Note that dimC(g) = rank A.) 

Can other criteria or their combinations be strengthened with replacement of unstrict in- 
equalities by strict ones? The answer to this question is unknown up to now. There existed the 
conjecture that dimension of an element of the upper or lower central series or the derived series 
should vary under a proper contraction. A contrary instance on the conjecture was adduced 
in [29] . It is given by the contraction of the three-dimensional algebras 

A3.2 ([61,63] = ei, [62,63] =ei + 62) A3.3 ([61,63] = ei, [62,63] = ei). 
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which is reahzed via the simple IW-cintraction associated with the subalgebra (ei,e2 + 63). 
Let us note additionahy that all invariant and semiinvariant quantities adduced in this section 
excluding only dimDer coincide for the above algebras. Therefore, only Criterion [1] is effectual 
for this pair of algebras. 

5 Calculation of invariant quantities 

There are two simple classes of Lie algebras, which cover most low-dimensional algebras. The 
first one is formed by almost Abelian algebras having Abelian ideals of codimension one. The 
algebras from the second class have WH+A ideals of codimension one, which are isomorphic 
to the direct sum of the Weyl-Heisenberg algebra f)3 = ^3,1 and the Abelian algebra of codi- 
mension four. Characteristics of the above algebras are found in a uniform way. The other 
low-dimensional algebras should be investigated separately. Below we adduce only calculations 
of the invariants <Lpq which were recently proposed in [9l [7l] and the ranks of some algebras. 

5.1 Almost Abelian algebras 

Consider an n-dimensional Lie algebra over C or M which has an (n — l)-dimensional Abelian 
ideal. It is a solvable and, moreover, metabelian algebra. Let ei, . . . , e„_i form a basis of the 
ideal and completes it to a basis of the algebra. The nonzero commutation relations between 
elements of the constructed bases are 

n-l 

[ej,e„] = ^a^efc, j = l,...,n-l. 

k=l 

The (n — 1) x (n — 1) matrix A = (a^) defines the algebra completely hence we will denote this 
algebra by a^, i.e., oa := Ai (Ba {n — l)Ai. 

The algebras and a^' are isomorphic iff the matrices A and A' are similar up to scalar 
multiplier. The isomorphisms are established via changes of bases in the Abelian ideals and 
scaling of the complementary elements of bases. Up to the algebra isomorphisms the matrix 
A can be assumed reduced to the Jordan normal form, and its eigenvalues can be additionally 
normalized with a nonvanishing multiplier. 

For any algebra g the matrix ad^ of the adjoint representation ad^ of an arbitrary element 
It G is found by the formula (ad^)'^ = c^jUj, where c^j are the structure constants of g in the 
fixed basis. Since for c^j = if neither i nor j equals to n, the matrix ad^ can be easily 
calculated: 

\ 



/ 

or shortly ad^ have the form 

(UnA —Au \ 
, where u = (ui, . . . , m„_i)'^ and = (0, ...,0). 
; 

To calculate the invariant characteristic (tpq of a^, we find powers of ad^ and their traces 

/ UnPAP -UnP-^APu \ 

aduP=\ , tr(ad„P) =n„nr(AP). 

V ; 



n-l 



i=l 



( 


V 



a. 



n-l 

/ 



n-l 
^n-1 



V 
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Matrix trace is not affected by matrix similarity transformations. If Ai, . . . , A„_i are the 
roots of the characteristic polynomial xa(A) of the matrix j4 in C then tr{AP) = A^ + • • • + X^_^ 
for any p G N. Consequently, the invariant value (tpq can be calculated explicitly. 

The rank of oa can be easily calculated as by-product. Indeed, the characteristic polynomial 
^ad °^ equals to Axu„a(A), i.e., any element u £ aA with n„ / is regular and the rank 
of OA coincides with the number of zero roots of the polynomial Axa(A). 

As a result, we obtain the following statement. 

Lemma 2. Let oa be an n- dimensional Lie algebra with an (n — 1)- dimensional Abelian ideal 
and with commutation relations which are defined via the matrix A and Ai, . . . , A„_i be roots of 
the characteristic polynomial of A over C If 

ti{AP) = A? + • • • + A^_i / 0, tr(^«) = A? + • • • + A^_i / 0, 
tr(AP+'?) = Af^ + • • • + X^+_\ / 0, 

then the value <tpg is well-defined invariant characteristics of the algebra oa and is given by the 
formula 

_ tr{Antv{A'^) _ (A? + --- + AP_i)(Af + --- + A^,) 
ti{AP+'}) + . . . + 

The rank of the algebra oa (i.e., the dimension of its Cartan subalgebra) equals to the order of 
zero root of the characteristic polynomial of the matrix A plus one. 



5.2 Lie algebras with WH+A ideals of codimension one 

Consider an n-dimensional complex or real Lie algebra with an (n — l)-dimensional ideal which 
is isomorphic to the direct sum of the Weyl-Heisenberg algebra f)3 = ^3.1 and the (n — 4)- 
dimensional Abelian algebra. Let ei, 62 and 63 form the canonical basis of a f)3-isomorphic 
component, 64, . . . , e^-i give a basis of the Abelian component of the ideal and e„ completes 
the basis of the ideal to a basis of the whole algebra. The nonzero commutation relations between 
elements of the constructed bases are 

n— 1 

[62,63] =ei, [ej,e„] = ^a^Cfc, j = l,...,n-l. 

k=l 

The (n — 1) x (n — 1) matrix A = (a^) defines the algebra completely hence we will denote this 
algebra by Wa, i-e., tt)A := ^1 ©A (f)3 (B {n — 4)^i). The Jacobi identity implies the following 
constraints on elements of A: 

a\= al + al, = 0, A; = 2, . . . , n - 1, af = af = 0, i = i, . . . ,n - 1. 

The matrix ad^ of the adjoint representation of an arbitrary element u £ Voa is calculated in 
a way which is analogous to the previous case and has the form 

/ UnA + U3EI - U2EI -Au \ 
ad„ = , 

V ; 

where u = {ui, . . . , n„_i)'^, = (0, . . . , 0), is the (m— 1) x (m— 1) matrix with unit in *-entry 
and zero otherwise. In view of the restrictions on the matrix A we again have 

tr(ad/) = uJtriAP), Xad„(A) = -Ax.„a(A). 

Therefore, Lemma [2] can be completely reformulated for the algebra Ida. 
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Lemma 3. Let to a = ©a (f)3 ® {n — 4)Ai) and Ai, . . . , A„_i he roots of the characteristic 
polynomial of A over C If 

iT{An = A? + • • • + A^, ^ 0, tr(^^) = A? + • • • + A^, / 0, 
tr(AP+'?) = Af^ + --- + A^+l/0, 

i/ien is well-defined invariant characteristics of the algebra and is given by the formula 

^ _ tr{AP) triA'i) _ (A? + • • • + AP_i)(Af + • • • + A^,) 

(Ar^+---+An) 

The rank of the algebra Ida (i-e., the dimension of its Cartan subalgebra) equals to the order of 
zero root of the characteristic polynomial of the matrix A plus one. 



ti{AP+i) 



5.3 Special cases 

The adjoint action of any element u G so{2>) is presented in the canonical basis in the form 
a.duV = u X V. Hereafter u and v are the coordinate columns of u and v treated as elements 
of M^, '•' and 'x' denote the usual scalar and vector products in R^. By induction, 

ad^-^v = {-\u\'^Y'-^u X V, s^d^v = {-\u\y-^{{u ■ v)u - \u\^v), p' G N, 

i.e., tr(adu2p'"^) = 0, tr(ad„^^'') = {-\u\'^y\ p' G N. Therefore, ^2p',2q' = 2. For the other pairs 
of the indices p and q the invariant is undefined. 

The same statement is true for the algebras s/(2,M), so(3) © Ai and s/(2,M) © Ai. The 
arguments are that s^(2,M) is equivalent to so(3) over C and the algebras g and g © kAi have 
the same invariants <tpq. 

In the canonical basis of 2A2.1, where the commutation relations are [ei, 62] = ei, [es, 64] = 63, 
the matrices of ad„P, p G N, have the form 



adj' = 





p 


p-i 








\ 


























p 

u\ 


p-1 
-u\ Us 




V 














/ 



i.e., ti{adu^) = + u^- Since the fraction with traces from the definition of <Lpq explicitly 
depends on u and v in the case of 2A2,i, the value (tpg is undefined for any p,q £ 'N. 
The same statement is true for the algebra ^4.10 being isomorphic to 2^2,1 over C. 



6 Low-dimensional real Lie algebras 

We use the complete lists of nonisomorphic classes of real three- and four-dimensional Lie al- 
gebras, which were constructed by Mubarakzyanov [55] and slightly enhanced in [651 166j . Enu- 
meration of algebras by Mubarakzyanov is followed in general. 

A number of algebraic characteristics and quantities are adduced for each Lie algebra g 
from the lists. More precisely we deal with the type of the algebra (such as decomposable, 
solvable, nilpotent, etc.); the dimension tid of the differentiation algebra Derg; the dimension 
nz of the center; the maximal dimension tia of the Abelian subalgebras; the Killing form k; the 
rank r^ (equal to the dimension of the Cartan subalgebras); the rank of solvability rg (if g is 
solvable); the rank of nilpotency r^ (if g is nilpotent); the tuple of dimensions of the components 
of derived series DS = [dimg*^^\ dimg^^^, . . . , dimg'^'^^], where k is the minimal number with 
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dimg^'^) = dimg^*) \f i > k; the tuple of dimensions of the components of lower central series 
CS = [dim g^, dim g^, . . . , dimg'^], where k is the minimal number with dimg*' = dimg* \/ i > k; 
the trace tr(adt,) of the adjoint representations of arbitrary element v ^ V and the invariant (Lpg 
for the values p, g G N when this invariant is well defined. 

These characteristics and quantities are used in Sections [7] and [8] as a basis for application of 
necessary contraction criteria. 

6.1 Three-dimensional algebras 

3Ai : (Abelian, unimodular); 

riD = 9, nz = 3, ti-a = 3, k = 0, = 3, r,^ = = 1, DS = [0], CS = [0], tr(adt,) = 0. 
^2.1 ffi [61,62] = ei (decomposable, solvable); 

no = 4, nz = 1, nA = 2, k = 2:2 2/2, = 2, = 2, DS = [1,0], CS = [1], tr(ad^,) = -^2, 

^3.1 : [62,63] = 61 (Heisenberg, indecomposable, nilpotent, unimodular); 

riD = 6, nz = 1, nA = 2, k = 0, rg = 3, rn = rg = 2, DS = [1,0], CS = [1,0], tr(ad^) = 0. 

^3.2: [61,63] = ei, [62,63] =61 + 62 (indecomposable, solvable); 

no = 4, nz = 0, nA = 2, k = 2x37/3, = 1, r^ = 2, DS = [2,0], CS = [2], tr(ad„) = -2z;3, 
^3.3: [61,63] = 61, [62,63] = 62 (indecomposable, solvable); 

nD = 6, nz = 0, nA = 2, k = 2x32/3, rg = 1, rg = 2, DS = [2,0], CS = [2], tr(ad^) = -2^3, 

^pq — 2. 

^3^4 • [61,63] = 61, [62,63] = —62 (indecomposable, solvable, unimodular); 

no = 4, nz = 0, nA = 2, k = 2x32/3, rg = 1, r, = 2, DS = [2,0], CS = [2], tr(ad„) = 0, 

^2p,2q = 2. 

Ag ^: [61,63] = 61, [62,63] = ae2, < |a| < 1 (indecomposable, solvable); 

no = 4, nz = 0, nA = 2, k = (1 + a'')x^y^, = 1, r, = 2, DS = [2,0], CS = [2], 
tr(ad^) = -(1 + a)v3, ^pq = I + jg^- 

A3 5 : [61,63] = —62, [62,63] = 61 (indecomposable, solvable, unimodular); 

no = 4, nz = 0, nA = 2, k = -2x32/3, rg = 1, r^ = 2, DS = [2,0], CS = [2], tr(ad^) = 0, 

^2p,2q = 2. 

A3 5 : [61, 63] = 661 — 62, [62, 63] = 61 + 662, 6 > (indecomposable, solvable); 

no = 4, nz = 0, nA = 2, k = 2{b^ - l)x32/3, rg = 1, r, = 2, DS = [2,0], CS = [2], 
Irfad 1 - -2bv, £ - 2Re(fe+»F Re(W)'> 

s/(2,]R): [61,62] = 61, [62,63] = 63, [61,63] = 262 (indecomposable, simple, unimodular); 

no = 3, nz = 0, nA = 1, n = -2(2x32/i - X22/2 + 2x12/3), rg = 1, DS = [3], CS = [3], 
tr(adt,) = 0, e:2p,2g = 2. 

so(3) : [61,62] = 63, [62,63] = 61, [63,61] = 62 (indecomposable, simple, unimodular); 

no = 3, nz = 0, nA = 1, k = -2(xi2/i + X22/2+a;32/3), rg = 1, DS = [3], CS = [3], tr(adt;) = 0, 

^2p,2g = 2. 
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Remark 7. Two terms of the above list (namely, {^14} and {^l^}) are, in fact. Lie algebra 
series, and each of them being parameterized with one real parameter. Some values of the 
parameters are singular, i.e., algebra characteristics for them differ from the ones for regular 
values. For example, the Killing form of the algebra {A3 5} identically vanishes if 6 = 1. The 
same parameter values are singular from the viewpoint of realizations, invariants, subalgebras 
etc. See, e.g., [6ll |62l [651 [66] . 

This fact prevents one from creation of a 'canonical' list of inequivalent low-dimensional Lie 
algebras. Whether is it reasonable to extract the algebras corresponding to singular parameter 
values from series? The question is answered in different ways. For example, in [<o2\ [5T] all such 
algebras are separated from the series and have individual numbers. In [55] only the direct sums 
and single algebras (e.g., A3. 3) are considered separately from the corresponding series. 

Another barrier for canonization of the existing lists is generated by ambiguous choice of 
series parameters normalization and even by existence of essentially different approaches to such 
normalization. 

We follow the numeration by Mubarakzyanov, explicitly point out all the singular values of 
series parameters and study the corresponding algebras separately from the regular algebras of 
series. Usage of this technique simplifies application of necessary contraction criteria. 

Let us note that Agaoka [H [2] proposed classifications of three- and four-dimensional alge- 
bras, which are well adapted to investigation of contractions and deformations. The presented 
approach can be extended to the real case and algebras of greater dimensions. 

6.2 Four-dimensional algebras 

4Ai (Abelian, unimodular); 

no = 16, nz = 4, ua = 4, = 4, = r, = 1, DS = [0], CS = [0], tr(ad^) = 0. 
^2.1 © 2Ai : [61,62] = 61 (decomposable, solvable); 

nD = 8, nz = 2, riA = 3, k = X2y2, = 3, Vg = 2, DS = [1,0], CS = [1], tr(ad^) = -^2, 
2A2.1 : [61,62] = ei, [63,64] = 63 (decomposable, solvable); 

no = 4, nz = 0, ua = 2, k = X2y2 + x^y^, = 2, = 2, DS = [2,0], CS = [2], 
tr(adt,) = -{v2 + V4). 

^3.1 © All [62,63] = 61 (decomposable, nilpotent, unimodular); 

no =10, nz = 2, toa = 3, k = 0, = 4, r^ = rs = 2, DS = [1,0], CS = [1,0], tr(ad^) = 0. 
As,2 © Ai : [61, 63] = 61, [62, 63] = 61 + 62 (decomposable, solvable); 

nD = 6, nz = 1, nA = 3, k = 2x3^3, rg = 2, = 2, DS = [2,0], CS = [2], tr(adi,) = -2^3, 
C — 2 

^pq — -^^ 

^3.3 © Ai: [61,63] = 61, [62,63] = 62 (decomposable, solvable); 

TiD = 8, nz = 1, nA = 3, «; = 2x31/3, rg = 2, rg = 2, DS = [2,0], CS = [2], tr(ad^) = -2ti3, 
C — 2 

^pq — -^^ 

A^4 © All [61,63] = 61, [62,63] = —62 (decomposable, solvable, unimodular); 

= 6, nz = 1, nA = 3, k = 2x37/3, = 2, = 2, DS = [2,0], CS = [2], tr(adi;) = 0, 
^2p,2q = 2. 
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Ag^ ® All [61,63] = 61, [62,63] = 062, < joj < 1 (decomposable, solvable); 

no = 6, nz = 1, ua = S, k = (1 + a'^)x3y3, = 2, = 2, DS = [2,0], CS = [2], 
tr(ad„) = -(1 + a)v3, €pg = 1 + ^g^. 

^3.5 ® ^1- [^15^3] = "^2, [62,63] = 61 (decomposable, solvable, unimodular); 

no = 6, nz = l, ua = S, k = -2x32/3, = 2, rg = 2, DS = [2,0], CS = [2], tr(ad^) = 0, 

^3.5 ® ^1 • [^1' 63] = ~ ^2, [62, 63] = 61 + 662, 6 > (decomposable, solvable); 

riD = 6, nz = 1, nA = 3, k = 2(6^ - 1)0:3^3, = 2, = 2, DS = [2,0], CS = [2], 

tr(ad„) = -26.3, C,, = '"^^IP^"^' . 

sl{2,M.) © All [61,62] = 61, [62,63] = 63, [61,63] = 262 (decomposable, unsolvable, reductive, 
unimodular) ; 

no = 4, nz = 1, ua = 2, k = -2(2x32/1 - X22/2 + 2x12/3), Vg = 2, DS = [3], CS = [3], 
tr(ad„) = 0, £2p2q = 2. 

so(3) ® Ai : [61,62] = 63, [62,63] = 61, [63,61] = 62 (decomposable, unsolvable, reductive, 
unimodular) ; 

no = 4, nz = 1, nA = 2, k = -2(xi2/i+X22/2+a;32/3), ''s = 2, DS = [3], CS = [3], tr(ad^) = 0, 

^2p,2q = 2. 

A4.1 : [62,64] = ei, [63,64] = 62 (indecomposable, solvable, nilpotcnt, unimodular); 

no = 7, nz = 1, nA = 3, k = 0, = 4, r„ = 3, = 2, DS = [2,0], CS = [2,1,0], 

tr(adt,) = 0. 

-^4.2" [^1,64] = 61, [62,64] = 62, [63,64] = 62 + 63 (indecomposable, solvable); 

no = 8, nz = 0, nA = 3, k = 3x42/4, = 1, rg = 2, DS = [3,0], CS = [3], tr(ad^) = -3.4, 
— 3. 

A'^2 '• [ci, 64] = — 2ei, [62, 64] = 62, [63, 64] =62 + 63 (indecomposable, solvable, unimodular); 
no = 6, nz = 0, nA = 3, k = {b'^ + 2)xm, = 1, = 2, DS = [3,0], CS = [3], tr(ad^) = 0, 

_ (2+(-2)P)(2+(-2n „fj>2 

-^4 2 • [^1, 64] = ^^1, [^2, 64] = ^2, [63, 64] =62 + 63, 67^ —2, 0, 1 (indecomposable, solvable); 

no = 6, nz = 0, nA = 3, k= (6^ + 2)x42/4, = 1, rs = 2, DS = [3,0], CS = [3], 
tr(ad,) = -(2 + h)v^, = ^^^^^S^P . 

-A4.3 : [61,64] = 61, [63,64] = 62 (indecomposable, solvable); 

nD = 6, nz = 1, nA = 3, k = X42/4, = 3, r^ = 2, DS = [2,0], CS = [2, 1], tr(ad^) = -v/^, 

Cpq = 1- 

A4.4 : [ei, 64] = 61, [62, 64] =61 + 62, [63, 64] =62 + 63 (indecomposable, solvable); 

nD = 6, nz = 0, nA = 3, k = 3x47/4, = 1, r^ = 2, DS = [3,0], CS = [3], tr(adv) = — 3^4, 

£pg = 3. 

^4?5" • [''"ij'^'i] = ^1, [^2,64] = 62, [63,64] = 63 (indecomposable, solvable); 

nD = 12, nz = 0, nA = 3, k = 3x42/4, = 1, r^ = 2, DS = [3,0], CS = [3], tr(ad^) = — 3i'4, 

= 3. 
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A^^'^'^ : [61,64] = — 2ei, [62,64] = 62, [63,64] = 63 (indecomposable, solvable, unimodular) ; 
no = 8, nz = 0, nA = 3, k = 6x47/4, = 1, rg = 2, DS = [3,0], CS = [3], tr(ad„) = 0, 

_ (2+(-2)P)(2+(-2)^) „_>2 

^4 V • [^1' ^4] ~ '^'^1' ['^2 5 64] = 62, [63, 64] = 63, a 7^ —2, 0, 1 (indecomposable, solvable); 

,2 



no = 8, nz = 0, ua = 3, k = (a^ + 2)x4y4, = 1, rg = 2, DS = [3,0], CS = [3], 

f _ (2+aP)(2+c 
-PI ~ 2+aP+i 



tr(ad,) = -(a + 2K, - (^+°^)(^+-^) 



-^4.5 [^1564] = a6i, [62,64] = —62, [63,64] = 63; a > 0, |a| 7^ 1 (indecomposable, solvable); 
no = 6, nz = 0, nA = 3, k = (a^ + 2)^4^4, = 1, = 2, DS = [3,0], CS = [3], 

-^4.5 ^ "'^ • [si, 64] = aei, [62, 64] = —(1 + a)62, [63, 64] = 63 a < 0, or a = 1 (indecomposable, 
solvable, unimodular); 

no = 6, nz = 0, nA = 3, k = (a^ + (1 + af + 1)^4^4, = 1, n = 2, DS = [3,0], CS = [3], 

trfad ) - £ - (l+(-l-aF+a'')(l+(-l-a)^+a^) „ „ > o 
lH^au„; — U, <^pq — i+(_i_a)P+9+oP+9 ) PiH ^ ^■ 

-^A^h' [^1564] = aei, [62,64] = 662, [63,64] = 63; a6 7^ 0, — 1 < a < 6 < 1, a + 6 7^ — 1 
(indecomposable, solvable) ; 

no = 6, nz = 0, nA = 3, k = (a^ + 52 + 1)^4^4, rg = 1, = 2, DS = [3,0], CS = [3], 
tr(ad„) = -(a + 6 + l).4, C., = ^^^S^^^^. 

-^^^'^ '• [61)64] = —2661, [62,64] = 662 — 63, [63,64] = 62+663, 6 < (indecomposable, solvable, 
unimodular) ; 

no = 6, nz = 0, nA = 3, k = (66^ - 2)x4y4, = 1, = 2, DS = [3,0], CS = [3], 

trCaH \-(\ (f- - ((-2feF+2Re(b+i)?')((-2b)9+2Re(b+i)9) „ „ ^ 
lH^au„; — u, v-pqr — (-26)P+9+2 Re(6+«)J'+« ' y^'i ^ 

-^4?6 • [6I564] = a6i, [62,64] = 662 — 63, [63,64] = 62 + 663, a > 0, a ^ —26 (indecomposable, 
solvable); 

nD = 6, nz = 0, nA = 3, k = (a^ + 26^ - 2)x4y4, = 1, rg = 2, DS = [3,0], CS = [3], 
tr(ad^) = — (a + 26)^4, £pg = (jP+q+2 Re(6-H)p+9 ^ ^ ■ 

-^4.7' [62,63] = 61, [61,64] = 26i, [62,64] = 62, [63,64] =62 + 63 (indecomposable, solvable); 
no = 5, nz = 0, nA = 2, n = 6x47/4, = 1, rg = 3, DS = [3, 1,0], CS = [3], tr(ad^) = — 4t;4, 

_ (2+2P)(2+2'i') 
^P<1 2+2P+1 ■ 

-^4.8* [62,63] = 61, [61,64] = 61, [62,64] = 62 (indecomposable, solvable); 

no = 5, nz = 0, nA = 2, k = 2x4^4, = 2, rg = 2, DS = [2,0], CS = [2], tr(ad^) = -27;4, 

^pq — 2. 

-^4.8* [62,63] = 61, [61,64] = 26i, [62,64] = 62, [63,64] = 63 (indecomposable, solvable); 

no = 7, nz = 0, nA = 2, k = 6x47/4, = 1, rg = 3, DS = [3, 1, 0], CS = [3], tr(adv) = — 4t;4, 

_ (2+2P)(2+2^) 
PI 2+2P+1 

A^g : [62,63] = 61, [62,64] = 62, [63,64] = —63 (indecomposable, solvable; unimodular); 

nD = 5, nz = 1, nA = 2, k = 2x47/4, rg = 2, rg = 3, DS = [3, 1, 0], CS = [3], tr(ad^) = 0, 

^2p,2q = 2. 
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-4.4.8= [^2,63] = ei, [61,64] = (1+5)61, [62,64] = 62, [63,64] = 663, < |6| < 1 (indecomposable, 
solvable) ; 

no = 5, nz = 0, riA = 2, k = 2{1 + b + b'^)xm, = 1, = 3, DS= [3,1,0], CS = [3], 

A4 g : [62,63] = 61, [62,64] = —63, [63,64] = 62 (indecomposable, solvable, unimodular); 

riD = 5, nz = 1, nA = 2, k = —2x42/4, = 2, rg = 3, DS = [3, 1,0], CS = [3], tr(ad„) = 0, 
*^2p,2g = 2. 

A^.g: [62,63] = 61, [61,64] = 2aei, [62,64] = 062-63, [63,64] = 62 + 063, a > (indecomposable, 
solvable) ; 

n-Q = 5, nz = 0, nA = 1, k = 2(3a^ — I)x4y4, = 1, rg = 3, DS = [3,1,0], CS = [3], 

^^(^A ^ _ _4„,,, (T - {{'2aY+2Ke(a+iY){(2aY+2Rc(a+iY) „ „ > n. 
Lil^aUt,; — '±Ud;4, v^pg — (2a)P+'?+2Re(a+i)P+« ' /^ly^^'- 

A4.10: [61,63] = 61, [62,63] = 62, [61,64] = -62, [62,64] = 61 (indecomposable, solvable); 

no = 4, nz = 0, nA = 2, k = 2(x3y3 - ^4^4), = 2, rg = 2, DS = [2,0], CS = [2], 
tr(adt,) = — 2^3. 

Remark 8. Problems concerning series of algebras and singular values of parameters become 
more complicated in the case of dimension four. In particular, in the Lie algebra series {j4|2}j 
{^4^5} and {^4 g} the dimension no of the differentiation algebra varies depending on values 
of the series parameters. It implies obvious necessity of separation of series parameter subsets 
according to values of this semiinvariant quantity since Criterion [T] based on no is most powerful. 

In the above list of algebras, we apply enhanced normalization of series parameters for four- 
dimensional real Lie algebras, which were proposed in [63t | 



7 Algorithm of contraction identification 

The proposed algorithm allows one to handle the continuous one-parametric contractions of the 
low-dimensional Lie algebras. It consists of three steps. 

1) We take a complete list of nonisomorphic Lie algebras of a fixed dimension. For each mem- 
ber of this list we calculate invariant and semiinvariant quantities that concern necessary 
criteria of contractions. 

2) For each pair of algebras from the list we test possible existence of contractions with the 
necessary criteria of contractions via comparing the calculated invariant and semiinvariant 
quantities. Since it is sufficient to look only for nontrivial and proper contractions, we do 
not have to study the pairs of any Lie algebra with itself and the Abelian one. 

3) Consider each from the pairs which satisfy all the necessary criteria of contractions. Ap- 
plying the direct method based on Definition [l^ we either construct a contraction matrix 
in an explicit form or prove that no contraction is possible. 

The requisite invariant and semiinvariant quantities of the real three- and four-dimensional 
Lie algebras are calculated and collected in Section [6l 

Most of contractions of low-dimensional Lie algebras are realized via simple Inonii-Wigner 
contractions. Any simple Inonii-Wigner contraction corresponds to a subalgebra of the initial 
algebra and therefore is easy to find. Classification of subalgebras of three- and four-dimensional 
Lie algebras is well known [62j. All simple Inonii-Wigner contractions of these algebras are 
constructed in [15l[39]. We only enhance presentation of the corresponding contraction matrices. 
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For the pairs without simple Inonii-Wigner contractions we continue investigation with gen- 
erahzed Inonii-Wigner contractions. Here the problem of finding contraction matrices can be 
divided into two subproblems: 

• To construct appropriate transformations for the canonical bases of the initial and resulting 
algebras, which do not depend on the contraction parameter. The aim is for the nonzero 
new structure constants of the resulting algebra to coincide with the corresponding new 
structure constants of the initial algebra; 

• To find a diagonal matrix depending on the contraction parameter. It is sufficient to 
assume that the diagonal elements are integer powers of the contraction parameter. 

As a rule, we can manage to avoid basis change in resulting algebras in the case of dimensions 
three and four. Consequently, the contraction matrix can be represented as a product of two 
matrices Ug = IW{ki, . . . , kn), where / is a constant nonsingular matrix and W{ki, . . . , kn) = 
diag(e'=i,...,e*'"), /ci, . . . , /c„ e Z. 

In complicated cases contraction matrices can be found using repeated contractions (see 
Section [10]). 

To demonstrate effectiveness of the algorithm, we discuss two typical examples in detail. 

Example 2. Consider the series of three-dimensional Lie algebras A'^^ parameterized with one 
real parameter a, where —1 ^ a < 1, a ^ 0. Let us investigate all possible contractions of 
algebra 4 for a fixed value of o. 

4 is an indecomposable solvable Lie algebra with the canonical nonzero commutation 
relations [61,63] = ei, [62,63] = 062. The tuple of considered quantities for the algebra ^3 4 is 

no = 4, nz = 0, nA = 2, k = (1 + a^)x3y3, tr(ad63) = -1 - a, = 2, 
DS = [2,0], CS = [2]. 

According to the second step of the algorithm we look through all pairs of three-dimensional 
algebras, where the initial algebra is ^434 and the resulting algebra runs the list from Subsec- 
tion [6T] and does not coincide with 3Ai and A3 4. 

For each pair we compare tuples of their semiinvariant quantities. In view of Theorem [1] we 
conclude that 

• contractions to the algebras A2.1 © Ai, A3, 2, ^^4, a ^ a, A| 5, 6^0, sl{2,M.) and so(3) are 
impossible since Criterion [1] is not satisfied; 

• contraction to the algebra A3. 3 is impossible according to Criterion 1151 

• contraction to the algebra A3.1 may exist inasmuch as all the tested necessary criteria are 
held. 

Other criteria can also be used to prove nonexistence of contractions. For example, for the 
algebras sZ(2,M) and so(3) we can also use Criterion [2l [5l [TT] or [T71 In all cases we try to apply 
a minimal set of the most effective criteria such as Criterion [TJ In particular, Criterion [T] is very 
important for the example under consideration, since due to strict inequality it allows one to 
prove the absence of contractions inside the series A| 4 in a very simple way. 

Therefore, on the third step of the algorithm we investigate only the pair (A| 4,^3.1). 

The canonical nonzero commutation relation of the algebra A3.1 is [62,63] = 61. Since in the 
canonical basis of A3 4 the structure constant C23 equals to zero we carry out the basis change 
e'l = (1 — a)ei, 62 = ei + 62, 63 = 63. The new isomorphic commutation relations have the form 

[61,62]' = 0, [61,63]' = 61, [62,63]' = 61 +a62. 



24 



Now the desired contraction is provided by the matrix diag(e, l,e) and the subsequent hmit 
process e +0 results in the algebra A31: 

[ei,e2]e = 0, 

[ei,e3]e = eei^O, e ^ +0, 

N, 63]^ = ei + eae2 ei, e ^ +0. 

Finally, all nontrivial proper contractions of the Lie algebra 4 are exhausted by the single 
contraction A3 4 ^ A31 which is generated by the matrix /5diag(e, 1, e), where the explicit form 
of Is is adduced in Subsection 18.11 

Example 3. Consider the decomposable, unsolvable, unimodular, reductive four-dimensional 
Lie algebra s/(2,M) © ^i, having the canonical commutation relations [61,62] = 61, [62,63] = 63, 
[61, 63] = 262- The set of algebraic quantities which are used to study contractions of this algebra 
is exhausted by 

TT-D = 4, nz = 1, nA = 1, n[g g] = 3, k = -2(2x3yi - X2y2 + 2x1^3), DS = [3], CS = [3]. 

The quantities of s/(2,M) © Ai are compared with the analogous quantities of the other four- 
dimensional algebras. All the requisite quantities are adduced in Subsection 16.21 In view of 
necessary contraction criteria we conclude that 

• contractions to the algebras j42.i©2yli, 2A2.1, ^3.2©^i, ^3.3©^i, ^3.4©^!; 1^1 < 1, a ^ 0, -1, 

© Ai, b > 0, j44.3, ^4 8, \b\ < 1, b -1, and A'^g, a > 0, are impossible in view of 
Criterion [T2l 

• contraction to the algebra so(3) © Ai does not exist since Criterion [1] is not held; 

• contractions to the algebras ^4,2' ^ 0, A4.4, Af^^, abc ^ 0, ^45, a > 0, ^44.7 and A4.10 are 
impossible in view of Criterion [Sj 

• contractions to the algebras A31 © Ai, j44.i, A^\ © Ai, 5 © Ai, and ^44 9 may exist 
inasmuch as all the tested necessary criteria of contractions are satisfied. 

Note that not only Criteria [HE] and [l2] could be used to separate algebras for which there are 
no contractions from the algebra s^(2,M) © Ai. For example, Criterion [T5l implies impossibility 
of contractions from s/(2,IR) © Ai to A4.4. 

The contractions admitted by the necessary criteria can actually be executed. Contractions 
to the algebras ^3.1©^!, A^\(BAi, A'^^QAi, A^^i, A^l and ^44 9 are provided by the contraction 
matrices /8diag(e, e, 1, 1), /7diag(e, e, 1, 1), /iodiag(e, e, 1, 1), /23diag(e, £, e, 1), /i9diag(e, 1, e, 1) 
and /22diag(e^, e, e, 1) correspondingly. The explicit forms of the matrices I's are presented in 
Subsection 18.21 

Note that all the contractions except the last one are simple Inonii-Wigner contractions 
and are constructed using a list of inequivalent subalgebras of s/(2,R) © Ai. We illustrate the 
applied technique with the pair (s/(2,R) © Ai, A3.1 © Ai). See also Section [3] for the theoretical 
background. 

(63,64) is a subalgebra of s/(2,M) © Ai. The associated contraction matrix diag(e, e, 1, 1) 
produces a simple IW-contraction from sZ(2,M) © to a Lie algebra isomorphic to ^43.1 © Ai. 
In order to obtain the canonical commutation relations ([62, 63] =61) of the algebra ^43.1 © Ai, 
we apply additional isomorphism transformation given by the matrix /§ which commutes with 
diag(e, e, 1, 1). The resulting contraction matrix is /8diag(e, e, 1, 1). 

Further consider the pair {sl{2,R) © ^1,^^.9) in detail as an example on construction of 
generalized IW-contractions. Our aim is to find an appropriate contraction matrix according to 
the above algorithm. 
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The canonical commutation relations of the algebra are [62,63] = 61, [62,64] = —63, 
[63,64] = 62. In contrast to the algebra ^4,9, the canonical structure constants C23, C24 and C34 
of the algebra s/(2,M) © Ai vanish. That is why we carry out the basis change 

,11 , ,11 ,11 

ei = --6l--63, 62 = 62, 63 = -61 - -63, 64 = -61 + -63 + 64, 

which is associated with the matrix /22. The obtained commutation relations (being isomorphic 
to the old one of s/(2,M) © Ai) have the form 

[61,62]' = -63, [61,63]' = 62, [61,64]' = 0, [62,63]' = 61, [62,64]' = -63, [63, 64]' = 62. 

Let us suppose that for the new Lie bracket [•, •]' the requisite contraction is provided by the 
matrix diag(e^, ) and calculate the parameterized commutators: 

[ei, 62]. = -e^i+^'2-^-3e3, [61, e3]e = e''''^^'-^'e2, [61, 64]^ = 0, 

[62,63]. = £'=^+'^^-'=^61, [62,64]. = -e'^+''^-''^^es, [63,64]. = £'=^+'=^-^^62. 

The limit of the commutators under e +0 exists and gives the algebra A^ 9 iff the powers 
ki, . . . , are constrained by the conditions 

^2 + ^:3-^1 = 0, k2 + k4-ks = 0, k3 + k4-k2 = 0, ki + k2-k3>0, ki + k3-k2>0. 

The tuple ki = 2, k2 = k^ = 1, k^ = satisfies these conditions. The corresponding contraction 
indeed results in the algebra ^4 9: 

[ei, 62]. = -£^63 ^ 0, e ^ +0, [61, 63]. = £^62 ^ 0, e ^ +0, 
[61,64]. = 0, [62,63]. = 61, [62,64]. = -63, [63,64]. = 62. 

The complete contraction matrix is /22diag(e^, e, e, 1). 

This example demonstrates that necessary criteria allow one to handle contractions even in 
the cases of such complicated algebras as reductive ones. 



Remark 9. Celeghini and Tarlini |14j proposed the conjecture that all nonsemisimple Lie al- 
gebras of a fixed dimension could be obtained via contractions from semisimple ones. Actually, 
the conjecture is incorrect. There are no semisimple Lie algebras for some dimensions, e.g., in 
the case of dimension four. Therefore, a wider class (e.g., the class of reductive algebras or even 
the whole class of unsolvable algebras) should be used in the conjecture instead of semisimple 
algebras. The other argument on incorrectness of the conjecture is that all semisimple (and 
reductive) Lie algebras are unimodular and any continuous contraction of a unimodular algebra 
necessarily results in a unimodular algebra. Complexity of the actual state of affairs is illustrated 
by consideration of low-dimensional algebras. 

The unsolvable three-dimensional algebras are exhausted by the simple algebras s/(2,M) and 
so(3). Any three-dimensional unimodular algebra (s/(2,M), so(3), A^\, VI3 4, ^3.1, 3^i) belongs 
to the orbit closure of at least one of the simple algebras. 

The reductive algebras sl{2, M)(BAi and so(3)©j4i form the set of unsolvable four-dimensional 
algebras. The union of orbit closures of these algebras consists of the unimodular algebras with 
the nontrivial centers (s/(2, M) ©^1, so(3)©^i, ^^g, A%, yl^4©^i, A'^^^eAi, ^4.1, A3.i©Ai, 
4:Ai). The unimodular algebras having the zero centers {A^^, Af§, a + fe + c = o, A^Q ' ) cannot 
be obtained via contractions from the unsolvable algebras. 

The situation with contractions of representations is different [58j. For example, matrix 
representations of all inequivalent classes of the real three-dimensional Lie algebras are contrac- 
tions of appropriately chosen representations (with e-dependent similarity transformations) of 
the simple algebras s/(2,R) and so(3). More precisely, concerning the parameterized series of 
Lie algebras (^34, ^35), only representations for single values of parameters can be obtained 
via contractions. 
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8 One-parametric contractions of real low-dimensional 
Lie algebras 

The objective of this section is to construct, order and analyze the contractions of real low- 
dimensional Lie algebras. 

At first, we discuss all possible contractions of one- and two-dimensional Lie algebras. Since 
there is only one inequivalent one-dimensional Lie algebra and it is Abelian, all its contractions 
are trivial and improper at the same time. The complete list of nonisomorphic two-dimensional 
Lie algebras is exhausted by the Abelian algebra 2Ai and the non- Abelian algebra A2.1 with the 
canonical commutation relation [ei, 62] = ei. The unique weakly inequivalent contraction of the 
algebra 2Ai is trivial and improper at the same time. The contractions of the algebra A2.1 are 
either trivial or improper. 

Contractions of real three- and four-dimensional Lie algebras are listed in Subsections 18.11 
and 18.21 and additionally visualized with Figures [1] and [H Denote that contractions of the 
three-dimensional real Lie algebras were considered in [75) . A complete description of these 
contractions with proof closed to the manner of our paper was first obtained in \47j . 

Only proper direct contractions are presented on the figures. Let us remind that a contraction 
from g to go is called direct if there is no algebra gi such that gi 9^ g,goi 5 is contracted to gi 
and gi is contracted to go- Antonym to this notion is the notion of repeated contraction. See 
Section [To] for details. The algebra g is necessarily contracted to go if g is contracted to gi and 
gi is contracted to go- That is why the arrows corresponding to repeated contractions can be 
omitted. 

In the lists of contractions we collect all the suitable pairs of Lie algebras with the same 
initial algebras which are adduced once. The corresponding contraction matrices are indicated 
over the arrows. In the section we use the short-cut notation for the diagonal parts of matrices 
of generalized Inonii-Wigner contractions: 



where fej G Z, i = l,n, n is the dimension of the underlying vector space V. The constant 
'left-hand' parts of matrices of generalized Inonii-Wigner contractions are denoted by numbered 
symbols I. Their explicit forms are adduced after the lists of contractions. The notation e — > -|-0 
is omitted everywhere. 

In the case of simple Inonii-Wigner contractions we additionally adduce the associated sub- 
algebras. 

8.1 Dimension three 

The list of all possible proper and nontrivial continuous one-parametric contractions of real 
three-dimensional Lie algebras is exhausted by the following ones (see also Figure 1): 



W{ki,k2,...,kn) =diag(e*^Se' 





A3.2- 



l7W(lfi,l) or VK(2,1,1) 



^ ^3.1, (62); 



hWiO,l,0) or Vy(l,2,0) 



-43.3, (ei,e2 + 63). 





sl{2,R): 



7-31^(1,1,0) 



■> A3.1, (63); 



7-4^(1,0,0) 



(62,63); 



hW{l,l,0) 



A^ 



-3.5) (61+63). 



3.4' 
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The constant parts of contraction matrices have the form 





( 1 





-1 \ 






1 






\ 























■) 






-1 














'^-\ 





1 







^ 





-1 




s/(2,R) 

" -A. 

^3,3 ^3,1 

Figure 1: One-parametric contractions of real three-dimensional Lie algebras 

Analysis of the obtained results leads to the conclusion that for any pair of real three- 
dimensional Lie algebras we have one of the two possibilities: 1) there are no contractions 
in view of applied necessary criteria; 2) there exists a generalized Inonii-Wigner contraction. 

Only the contraction so{3) — > ^3,1 necessarily is a truly generalized Inonii-Wigner contrac- 
tion. Nonexistence of a simple Inonii-Wigner contraction in this case is implied by the following 
chain of statements. Any proper and nontrivial simple Inonii-Wigner contraction corresponds 
to a proper subalgebra of the initial algebra. Equivalent subalgebras result in equivalent con- 
tractions. A complete list of inequivalent proper subalgebras of so(3) is exhausted by any 
one-dimensional subalgebra of so(3). Any one-dimensional subalgebra generates the contraction 
of so(3) to Al^. 

All other contractions of real three-dimensional Lie algebras are equivalent to simple Inonii- 
Wigner contractions although sometimes generalized Inonii-Wigner contraction have a simpler, 
pure diagonal form. We explicitly indicate two such cases in the above list of contractions, 
namely, A3.1 and ^3.2 ^3.3- 

Note additionally that all the constructed contraction matrices include only nonnegative 
integer powers of e, i.e., they admit well-defined limit process under e — > +0. 

Theorem 2. Any continuous contraction of a real three-dimensional Lie algebra is equivalent 
to a generalized Inonii-Wigner contraction with nonnegative powers of the contraction param- 
eter. Moreover, only the contraction so(3) is inequivalent to a simple Inonii-Wigner 
contraction. 

8.2 Dimension four 

The list of all possible proper and nontrivial continuous one-parametric contractions of real 
four-dimensional Lie algebras is exhausted by the following ones. 



so(3) 



A" 
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A2.l®2Av. ^30VF(l,l,0,0)^ ^3.10^1, (63-61,64). 

W^(0,0,0,1) , „ , , > 1,0,1) , , , , 

2^2.1 : ^ ^2.1 2^1, (61,62,63); ^ ^ ^3.1 © ^1 , (ei + 63) ; 

!73 4 . /2W(0,0,0,1) , , , > /27VK{1, 1,0,1) , , , 

-^^3,2©^i; ^At3®^1, (61,63,62 + 64); ^ ^^|4©^1, (62 + a64); 

U4 . 728^(0,1,1,0) 73^(1,0,1,0) .0 / , , \ 
>-^4.i; > ^4.3, (61,62 - 63); >■ ^4.8, (61 +63,62 +64). 

A ^/l ^^(1.0,1,0) . / \ ^-(0,1,0,0) . _ . / , 729^(2,1,0,1) 
^3.2©^i: ^3.1©^1, (62,64); »• ^3.3©^1, (61,63,64); »-^4.1- 

74VK(1,0,1,0) , , , , 

^3.3 0^1: ^ ^A3.1©^1, (61,62 + 64). 

75W''(1, 1.0,0) ^ , , , 76^(2,1,0,1) ^ 

^14 0^1: ^3.1 ©^1, (62,61+64); ' ^4.1. 

Ab rr. A ^(1.0.1.0) 4^4/ \ 791^(2,1,0,1) 
A|_50Ai: ^3.1 ©^1, (62,64); »'^4.1. 

iln ^a>\n. A 78^(1,1,0,0) . ^ , , . 771^(1,1,0,0) .-1 ^ , , V 

s/(2,M)0^i: > ^3,1 0yli, (63,64); > A3 4 ^i, (62, 64); 

7ioTy(l,l,0,0)^ ^ _^ 63, 64); -^23VF(1,1,1,0)^ ^^^^ _^ ^^^^ 



719^1,0,1,0) ,-1 , e,_l.^. J22Ty (2,1,1,0) 

>^4.8, \6l,62 2^4/, *^ ^4.9- 

^^(2, 1,1,0) , , VK(1, 1,0,0) ,n . / V -f5W"(3,2,l,l) , 

so(3)0Ai: -^^^^3.1©^!; ^ -4° 5 0^1, (63,64); ^ ^ ^4.1; 

7iiW'(2,l,l,0) 

^4.9- 

A4.1: Ji3(o)w^(o,o,o,i)^ ®Ai, (61,62,64). 

^^^^^^^^3.1© ^1,(61,63); A4.I; (62,64). 

7i6W-(0,0,l,0) . / \ ^141^(1,0,1,0) . „ . / \ 
A4.3: ^2.1 ©2^1, (61,62,64); A3.1 ©^1, (61,63); 

717^(2,1,0,1) 
A4.I. 



7i3(0)W(l,0,l,l) ^ . / V W^(2,l,0,l) W(0,1,1,0) ^ 

A4.4: > A3.1 Ai, (62); ^^4.1; > -4^.2, (61,64); 

w{o,i,2,o) ni 
^ ^4.5 • 



^4 5 • ' "^3.1 © (-^61 + 62, 63); > A4.I. 

At,: ^^^^^^^^3.1© ^1,(61,63); ^^^^^^^^4.1. 

-44.7: Ji4ty (1,0,1,0)^ ^^^^ (61,63); -^21^^(1,1,1,0)^ ^^^^ ty(o,i,i,o)^ ^2^^^ (61,64); 

^(0,0,1 ,0) ,2,1,1 / \ ty(i,o,i,o ) ^ 

^^4^5 ' (61,62,64); >^4.8' (^2,64). 

■ iy(0,0,0,l) , , , , 6=0, 724^(0,0,0,1) . . I . 

^48- > A3.I ©^1, (61,62,63); > A3.2 ©^1, (61,62,63 + 64); 

6=0,7i3(0)H^(0,0.0,l)^ A,3©Ai, (61,62,64); ^-^^3(0)^.(1.1,0.1) ^ ^ ^ 

67^1,725^(1.1,1.0) -1<6<0, W(0,0.1,0) ,1+6.1,6 , \ 
^ A4.I, (62 - 63); > A45 , (61,62,64); 

0<6a,diag(l.l,l. 1^5)^^(0.0.1.0) , 
^^4.5 ' (61,62,64). 

VK(0,0,0,1) . , , > a=0, 7i4VF(l, 1,0,0) . , , 

Al^: +A3.1 0^1, (61,62,63); ^ 5 0^1, (61,64); 

726^/(1,1,1,0) a^^O, H/(l, 1,1,0) 2a,a , \ 
^ A4.I, (62); ^ A4.6 , (64). 

7i3(0)ty(1.0.1.1) . „ . / \ A rr. A ^(0,0,0.1) . „ . / \ 
A4.I0: A3.I ©^1, (62); *-A3.2©Al, »-A3.3©-4i, (61,62,63); 

7i3VK (0.0.0.1)^ 46 ^ /I /„ „ i.„ , „ \ ^^2, ^ 7i3(0)W(1.0.1.0) 



AL©Al, (61,62,663 + 64) ^^4.1, "^"^'^'^ ^ '"""^ <8, (^2,63). 
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The constant parts of matrices of generalized Inonii-Wigner contractions have the form 
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Remark 10. All the constructed contraction matrices include only nonnegative integer pow- 
ers of e. Therefore, they admit well-defined limit process under e — > +0. Moreover, most 
contractions are equivalent to simple IW-contractions. 
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Figure 2: One-parametric contractions of real four-dimensional Lie algebras 



All generalized IW-contractions of solvable real four-dimensional algebras (namely, ^3.2©^!, 
4© ^1, ^3 5©^!, ^4 2, h+\, ^4,3, A4.4, Afl, i^ay^bj^i, Af^) to are direct and, therefore, 
cannot be presented via composition of simple IW-contractions. The same statement is true for 
the contractions of the unsolvable algebras (sZ(2,M) © Ai and so{3) © Ai) to A^g. Only three 
generalized IW-contractions (so(3) © — > ^3,1 © Ai, so{3) © — > ^4.1 and yl4.4 ^4^5) are 
decomposed to sequences of simple IW-contractions. The listed contractions exhaust a set of 
inequivalent 'truly' generalized IW-contractions of the real four-dimensional algebras. 

In contrast to three-dimensional Lie algebras, there exist four contractions of four-dimensional 
Lie algebras, which are inequivalent to generalized Inonii-Wigner contractions, namely 

A4.IO ^3.2©^l, 2^2.1-^^3.2©^!, 

^4.10 ^4.1; 2^2.1 ^4.1; 

They are provided by the 'non-diagonalizable' matrices 

/ -1 \ 

1 e 
-e -1 ' 

V 1 + e e I 

1 -e -1 -1 \ 
e 
-e^ -e 

V e e I 

The matrices Ui and U2 include only the zero and first powers of the contraction parameter. 
Therefore, the corresponding contractions are Saletan ones. 
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Remark 11. The maximal powers of contraction parameter, which are in components of con- 
traction matrices, can be lowered if the restriction with the class of generalized IW-contr actions 
in the case they exist will be neglected. For example, a generalized IW-contraction from the 
algebra so(3) © Ai to A^g is generated by the matrix IiiW{2, 1,1,0) containing components 
with the second power of the contraction parameter. At the same time, it is known [67J that 
there exist the Saletan contraction between these algebras which is provided by the matrix 



/ e \ 

e 

-e 1 

\ -e 1 - e / 



obviously being of the first power with respect to e. 

Another example is given by the contraction so{3) © yli — > A4.1. It is generated, as a 
generalized IW-contraction, with the matrix /5M^(3, 2, 1, 1) and has the essential contraction 
parameter power which is equal to 3 and is maximal among the generalized IW-contractions of 
the four-dimensional Lie algebras. All the other presented generalized IW-contractions contain 
at most the second power of the contraction parameter. (The similar situation is in the three- 
dimensional case where the unique truly generalized IW-contraction is the contraction so(3) — > 
j43.i with the matrix W{2, 1, 1) containing the second power of e.) The matrix I^W{3, 2, 1, 1) 
can be replaced with the matrix 



v 










e \ 



e 

-1 0/ 



which has no 'generalized IW-form' and contains at most the second power of the contraction 
parameter. 

Remark 12. In each from the following pairs of Lie algebras 



{so{3)(BAi, A^l), (so(3) 

(^4.10) ^4.3)1 (^4.105 ^2.1 f 



^1, A 



3.4 



^1)) (^4.8' ^3.5 ® ^1)' (^4.9' ^3.4 ® ^1 



2Ai), {A4.10, A3.4 ® ^1), (2^2.1, ^3.5 © ^1 



the first algebra is contracted to the second one over the complex field. See Section [9] additionally. 
In particular, 



A 



/3lW(l,l,l,0) 



4.10 



A. 



4.3, 



A 



/32W^{1, 1,0,1) 



4.10 



^3.4 



^1 , 2A 



/33 1^(0,0,0,1) 



2.1 



^3.5 



A^ 



where 



/31 



1 



V 



1 -1 
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2 



^32 



i 1 



V 






l+g 
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_ 1 
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-i{l+a) 
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\ 

b + i 1 

b-i 1 / 



Therefore, almost all necessary criteria hold true since they do not discriminate between the 
real and complex fields. At the same time, there are no real contractions in these pairs. To 
prove it, we have to apply criteria specific for the real numbers, e.g., Criterion [16] which is based 
on the law of inertia of quadratic forms over the real field. 

For the first four pairs it is enough to consider only their Killing forms. Hso{3)®Ai = —2{uiVi + 
U2V2 + u^vs), Kj^o = —2U3V3 and k^o = —2uiVi are nonpositively defined. = 2U4U4 
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and /ty^-iQ^^ = 2ti3f3 are nonnegatively defined. All the above forms do not vanish identically. 
Therefore, in each of these pairs an algebra has the nonpositively defined nonzero Killing form 
and the other does the nonnegative defined nonzero one. In view of necessary Criterion [161 there 
are no contractions in these pairs. 

The criterion based on inertia of the Killing forms is powerless for the algebras from the 
other pairs. For them we consider the modified Killing forms with the specially chosen value 
a = -1/2: 

— 1/2 I 

'^Alle^i = ^((^ + " l)^3^^3L=_i/2 = -2^X3^;3, 

'^'aIz = (1 + (^>^'"Aa=-l/2 = 2"2t^2, '^A2,(®2Ai = + a)^2^^2 L=_i/2 = ^U^Vi, 

'^AgfeAi = ((1 + o^) + «(1 + afh3V3\^^_^/2 = ^(1 - a + a'^)u3V3, 

— 1/2 I 1 

'^2^2.1 = {{l+a){u2V2+U4V4) + a(u2V4+U.4f2))|^^_i/2 = 2^{u2V2+UiV4) - {u2Vi+UiV2)) ■ 

Two first forms are nonpositively defined and nonzero. The others are nonnegatively defined 
and also do not vanish identically. In view of the second part of Criterion \W[ there are no 
contractions in the pairs under consideration. 

8.3 Levels and colevels of low-dimensional real Lie algebras 

Contractions assign the partial ordering relationship on the variety Cn of n-dimensional Lie 
algebras. Namely, we assume that g ;^ go if 9o is a proper contraction of g. The introduced strict 
order is well defined due to the transitivity property of contractions. If improper contractions 
are allowed in the definition of ordering then the partial ordering becomes nonstrict. 
The order >- generates separation of £„ to tuples of levels of different types. 

Definition 7. The Lie algebra g from £„ belongs to the zero level of £„ if it has no proper 
contractions. The other levels of are defined by induction. The Lie algebra g belongs to 
k-level of Cn if it can be contracted to algebras from (k — l)-level and only to algebras from the 
previous levels. 

Remark 13. We have recently become aware due to [47] that the notion of level was introduced 
and investigated by Gorbatsevich [271 [28l |29] . He also proposed another notion of level based on 
interesting generalization of contractions to case of different dimensions of initial and contracted 
algebras, which is reviewed in the Introduction. 

The zero level of Cn for any n contains exactly one algebra, and it is the n-dimensional 
Abelian algebra which is the unique minimal element in Cn- The elements of the last level are 
maximal elements with respect to the ordering relationship induced by contractions in but 
do not generally exhaust the set of maximal elements of Cn- 

Obtained exhaustive description of contractions of low-dimensional Lie algebras allows us to 
study completely levels of these algebras. 

Ci consists of one element and has only one algebra level. Analogously, £2 is formed by two 
elements and is separated by contractions into exactly two levels. The first level consists of the 
two-dimensional non-Abelian algebra A2.1 and the zero level does the two-dimensional Abelian 
algebra 2Ai. 

The hierarchies of levels of real three- and four-dimensional Lie algebras are more complicated. 
Actually, they are already represented in Figures [T] and [21 where the level number grows upward. 
It is the usage of the level ideology that makes the figures clear and elucidative. £3 and £4 have 
four and six levels, correspondingly. 
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Remark 14. Structure of Lie algebra is simplified under contraction. The level number of an 
algebra can be assumed as a measure of complexity of its commutation structure, i.e., algebras 
with higher level numbers are more complicated than those with lower level numbers. In par- 
ticular, nilpotent algebras are in low levels. The simple algebras s/(2,M) and so{3) having the 
most complicated structures among three-dimensional algebras form the highest 3-level of £3. 
The highest 6-level of £4 is formed by the unsolvable algebras s/(2,M) ©^1 and so(3) ©^1 and 
the perfect (by Jacobson [44j) algebras 2^42.1 and ^4.10- 

Remark 15. There exists an inverse correlation of level numbers with dimensions of differen- 
tiation algebras (or a direct correlation with dimensions of algebra orbits), which is connected 
with necessary Criterion [TJ As a rule, the algebras with the same dimension of differentiation 
algebras belong to the same level. The dimensions of differentiation algebras of the algebras 
from fc-level are not less and generally greater than those of the algebras from (k + l)-level. 

For the three-dimensional Lie algebras the correlation is complete. Namely, the dimensions 
of differentiation algebras take the values of 9, 6, 4, 3 for the algebras from 0-, 1-, 2- and 3-level, 
correspondingly. 

In £4 the correlation is partially broken. Namely, for almost all algebras from 3-level the 
dimensions of the differentiation algebras equal to six and only the algebra A\ g which also 
belongs to this level has seven-dimensional differentiation algebra. The same happens in 2- 
level. Almost all algebras have eight-dimensional differentiation algebras except the algebra 
A4.1 with seven-dimensional differentiation algebra. In other words, the four-dimensional Lie 
algebras with dimDer = 7 are separated between the second and third levels, and the 'simpler' 
nilpotent algebra ^4.1 belongs to the lower level. The algebras (dimDer = 12) and ^3,1©^! 
(dimDer = 10) form 1-level. In all other cases the correlation is complete. 0-, 5- and 6-levels 
consist of the algebras having 16-, 5- and 4-dimensional differentiation algebras correspondingly. 

Starting from the Lie algebras which are not proper contractions of any Lie algebras, we can 
introduce the related definition of colevel. 

Definition 8. The Lie algebra g from £„ belongs to the zero colevel of if it is not a proper 
contraction of any n-dimensional Lie algebra. The other colevels of £„ are defined by induction. 
The Lie algebra q belongs to a colevel of £„ if it is a proper contraction only of algebras from 
the previous colevels. 

0-colevel coincides with the set of maximal elements with respect to the order induced by 
contractions in £„, i.e., it is formed by the algebras which are not proper contractions of the 
other algebras from £„. The last colevel of £„ for any n contains exactly one algebra, and it is 
the n-dimensional Abelian algebra. 

For the lowest dimensions structures of levels and colevels are analogous. £1 has only 0- 
colevel which obviously coincides with 0-level. £2 is separated by contractions into exactly two 
colevels. The zero and first colevels coincide with the first and zero levels, correspondingly. 

The hierarchies of colevels of real three- and four-dimensional Lie algebras differ from the 
hierarchies of levels and adduced below. 

Colevels of three-dimensional algebras: 

0) A2.1 © Ai, A3.2, Al^, a ^ -1, A\^,h ^ 0, s/(2, M), so(3); 

1) ^3.3, ^3:4, ^3.5; 

2) A3.1; 

3) 3^1. 
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Colevels of four-dimensional algebras: 

0) 2^2.1, s/(2,R)eAi, S0{3)(BAi, A\j2,b^l,2, ^4.4, AfQ,a^2b, ^4.7, ^^§,^^^^±1, Al^.a^o, 
^4.10, ^4^5 ) a^h^c^a,h^a + l] 

1) A^ ^ © Ai, a ^ -1, ylg 5 © 6 ^ 0, 25 ^4 2' ^4.3) ^4*5^ ' ) 1) ^4^^' a 7^ 1, 2, g , A^ g, 
4O 41 4O . 

^4.8' ^4.8' ^4.9' 

2) A2.1 © 2^1, ^3.2 © Ai, A^\ © ^1, ^0 5 © Ai, ^iigi, ^2n; 

3) ^3.3© Ai, ^4.1; 

4) A3.i©Ai; 

5) AAi. 

Remark 16. The levels and colevels of Cn are related. The numbers of levels and colevels of 
coincide and equal to the maximal length of chains of direct contractions. If a fixed Lie algebra 
g from £„ belongs to /ci-level and fc2-colevel then A;i + A;2 ^ — n. 

Remark 17. Correlation of co-level numbers with dimensions of differentiation algebras (or 
orbit dimensions) is essentially weaker than for level numbers. For each separated part of series 
of Lie algebras the orbit dimension of the whole part should be used here. It equals the sum 
of orbit dimension of single algebras from this part and the number of essential parameters 
parameterizing this part. Even for the three-dimensional Lie algebras the correlation is broken 
in some cases. For example, the orbit dimensions of the algebras A^ i and A3. 3 equal to three and 
they belong to different co-levels. In spite of such weak correlation, the notion of co-level is useful 
in studying geometrical structure of Cn- In particular, more regular (i.e., having less constraints 
on parameters) parts of series of Lie algebras have less co-level numbers than more singular ones. 

Analyzing obtained results for dimensions three and four, we induce a number of conjectures. 
Testing and proof of them are out of the subject of this paper. We have recently learned that 
some of them are already proved |27t I47j . We unite known statements in the following theorem. 
Let O-En-i be the almost Abelian algebra which contains an (n — l)-dimensional Abelian ideal 
and an element the adjoint action of which on the ideal is the identical operator En-i- 

Theorem 3. For any n > 2 1-level of Cn is formed by the algebras A^^i © (n — 3)Ai and aE^-i ■ 



9 One-parametric contractions of complex low-dimensional 
Lie algebras 

Some algebras which are inequivalent over the real field could be representatives of the same 
class of algebras over the complex field. 

Below we list pairs of real three- and four-dimensional Lie algebras which are isomorphic or 
belong to the same series over the complex field. For each of them we present the corresponding 
complex algebra (or series) together with the appropriate basis transformation in the case it is 
non-identical. The list is completed by the pairs of the direct sums (Af 4 © Ai, A3 5 © Ai) and 
(s/(2, M) © Ai , so(3) © Ai ) isomorphisms of which become obvious. Any complex indecomposable 
solvable algebra is denoted by Qn.k^ where n is the dimension of the algebra and k is the number 
of the real algebra with the same form of canonical commutation relations. 

S3.45 / ^3.5' ei = ei + ies, 63 = ei - ie2, 63 = ^63, = 5^ 



a G C 1 Al^, 



a 



sl{2,C) 



So{3), ei = -162 + 63, 62 = -icl, 63 = 162 + 63 

s/(2,M) 
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I,a,l3 
04.5 ' 

a,/3 G C 



S4.8' 

l3eC 



,a,b 
M.6' 



^4.6, ei = ei, 62 = 62 - ies, 63 = 62 + ie^, 64 = ^64, a = /3 = ^ 



^4.9 5 Cl — " 



b, p = c 

-ei, 62 = 62 + ies, 63 



j „ 1 „ 2 1 ^ o a—i 

-2^2 - 2^3, 64 - — J64, P - ^ 



2S2.1 



^4.10, ei = i6i - 62, 62 = ^63 - ^64, 63 = iei +62, 64 = ^63 + ^64 



2A. 



2.1 



Knowledge of the correspondences between real and complex Lie algebras allows us to describe 
all continuous contractions of the complex low-dimensional Lie algebras. The corresponding lists 
are produced from the analogous lists for the real low-dimensional Lie algebras by accurate elim- 
ination of algebras which are equivalent to other forms over the complex field. The contraction 
matrices are preserved. The contractions of three- and four-dimensional complex algebras are 
visualized with Figure [3] and Figure [H The one- and two-dimensional cases are trivial and are 
not considered. 

s;(2,c) 



0341 



3fli 

Figure 3: One-parametric contractions of three-dimensional complex Lie algebras 
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401 



04,8, »*0,±1 



4 4 T 

33.2®01 04,3 04:5 "••< 



04.1 033©01 021®201 



Figure 4: One-parametric contractions of four-dimensional complex Lie algebras 
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Theorem 4. Any continuous contraction of complex three-dimensional Lie algebras is equivalent 
to a simple Inonii-Wigner contraction. 

In four-dimensional case only the contractions 202. i — > 03.2 © 0i and 202. 1 — > 04.i are not 
presented as generalized Inonii-Wigner contractions. All the constructed contraction matrices 
include only nonnegative integer powers of e. Therefore, they admit well-defined limit process 
under e +0. 

A list of continuous contractions of the complex three-dimensional Lie algebras was adduced, 
e.g., in [HEKTl] in terms of orbit closures. It obviously coincides with that presented in FigureO 
In [9l \7l\ and later in [2j contractions of the four-dimensional complex Lie algebras are also 
investigated. Comparing these results with ours, at first we determine correspondence between 
the used lists of algebras. To avoid confusions, we add hats over the symbol denoting algebras 
from [9]. Note also that the list used in [9] is essentially based on classification obtained in |63j . 

401 ~ C^; 04.1 ~ n4; 

S2.1 © 201 ~ r2 © C^; 04.2^55; 5l2~S3(x); 04^^'"^ ~ 02 ((^q^, (f^) ; 

202.1 ~t2©r2; 04.3 ~ 02(0,0); 

03.1 ©01 ~ "3 ©C; 04.4 ~ 02(^, |); 

03.2 © 01 ~ t3 © C; 0^5^ ~ 01(a); 

03.3 ©01 ~ t3,l © C; 04^5 ~ 02(a,/5), 03(7)7 04, l^a^b^l, abj^O; 
03A © 01 ~ ^3,a © C, a^l; 04.7 ~ Qsij); 

Sl{2, C) © 01 ~ S/2(C) © C; 01.8 ~ 06; 018 ~ 07; 0^8^' ~ 08 ((5^ 

Let us give more details on the algebra series {04^5 , abc / 0}. The parameter tuples (a, b, c) and 
{a',b',c') are associated with the same algebra if they are proportional up to a permutation. 
The algebra q'^'^^, 1 ^ a 7^ 6 ^ 1, ab^o, corresponds to 

" / r,\ o,b ab + a + b 

02(a,p), where a=- — /3 = - — —r—ryr, 11 a + b + lj^O; 

[a + b + iy [a + b+iy 

{ab - 1)3 

03(7), where 7 = tttt^ — , if a + b + 1 = 0, ab ^ 1; 

04 if a + b + \ = ab = 1. 

In [2] a special classification of four-dimensional complex Lie algebras was used under study 
of contractions. Correspondences between ours and Agaoka's lists of inequivalent algebras are 
the following: 

Lo~40i, Li~03.i©0i, L2~04.i, L^r^Q^ll, Lb^oi.s^ Le ~ 5/(2, C) © 0i, 

-^4(0) ~ 04.5\ a^O,l, -^4(0) ~ L7(0, 1) ~ 03.3 ©01, L4(l)~ 04 2, ^4(00) ~ 02.1 © 20i , 

L^{a, b) ~ 0^5^ 1 ^ a ^ 6 ^ 1, 0, L^{a, 1) ~ 0^ 2' ^ ^ 0, 1, ^7(1, 1) ~ 04.4, 

L7(a,0) ~ 03 4 ©0i, a^^Cl, ^7(1,0) ~ 03.2 ©01, ^7(0, 0) ~ 04.3, 
-^8(a) ~ 04.8, " ^ 1' -^8(1) ~ 04.7, -^^9 ~ 202.1. 

It is easy to see from the performed comparisons that our list of contractions coincides with 
the ones adduced in [7T| [9| [2] . 
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10 Multi-parametric, decomposable and repeated contractions 



One-parametric contractions exhaust the set of continuous contractions. At the same time 
other types of contractions are also useful, in particular, for finding one-parametric contractions. 
Consider a class of continuous contractions which generalizes one-parametric ones, namely, the 
class of multi-parametric contractions, following the notations and spirit of Section [2j 

Let U : (0,1]™ — > GLiV), i.e., Ug = U{ei, . . . ,em) is a nonsingular linear operator on V 
for any e £ (0, 1]*". Here m G N, e is the tuple of the parameters ei, . . . , £m- We define a 
parameterized family of new Lie brackets on V via the old one by the following way: 

V £- G (0, ir, yx,yeV: [x, y],- = U.^^peX, Ugy]. 

For any e £ (0, 1]™" the Lie algebra Qg = ["i ']e) is isomorphic to g. 

Definition 9. If the limit lim_[j;,y]£ = lim_Uf^[UsX,Ugy] =: [a;,y]o exists for any x,y E V 

then the Lie bracket [•,-]o is well-defined. The Lie algebra go = (^i[")"]o) is called an multi- 
parametric (continuous) contraction of the Lie algebra g. 

The notation e +0 means £i — > +0, / = 1, . . . , m. 

If a basis of V is fixed, the operator Ug is defined by the corresponding matrix (we will use 
the notation Ug for the matrix also) and Definition [9] can be reformulated in terms of structure 
constants. 

Definition 9'. If the limit lim_{Us)l,{Usy,,{Uf^)^c^j =: c^,'-, exists for all values of i' , j' and k' 

then c'^ij, are components of the well-defined structure constant tensor of a Lie algebra go. In this 
case the Lie algebra go is called a m-parametric (continuous) contraction of the Lie algebra g. 
The parameters £i, . . . ,£m and the matrix- function Ug are called contraction parameters and a 
contraction matrix correspondingly. 

Remark 18. Any multi-parametric contraction generates a set of strongly equivalent (in the 
sense of Definition S]) one-parametric contractions via replacement Si = fi (e) of the parameters 
e by functions of one parameter e. For the replacement to be correct, the functions fi : (0, 1] — > 
(0, 1] should be monotonic, continuous and /j(e) — > -|-0, e +0. 

It is obvious that the notion of orbit closure [9] is transitive. The same statement is true for 
one-parametric contractions. Due to the transitivity, we can easily construct new continuous 
contractions from the ones adduced in Section [8l But simple multiplication of the matrices of 
successive contractions does not give the matrix of the resulting contraction. Below we introduce 
necessary notions concerning successive contractions and discuss significant examples. 

Let the algebra g2 be contracted with the matrix Ui{e'i, . . . to the algebra gi which is 

further contracted with the matrix U2{£i, ■ ■ ■ , £^2) algebra go. If the matrix 

Ui{e[, . . . ,e^jC/2(ei, . . . ,e'^^) 

provides an (mi + m2)-parametric contraction from g2 to go then this contraction is called 
composition of two initial contractions. 

Definition 10. A multi-parametric contraction is called decomposable if it can be presented as 
a composition of two proper multi-parametric contractions. 

More precisely, an m-parametric contraction from the algebra g to the algebra go is decom- 
posable iff there exists an algebra gi (nonisomorphic to g and go) such that the contraction 
from g to go can be presented as a composition of mi-parametric contraction from g to gi and 
m2-parametric contraction from gi to go, where mi + m2 = m. 
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Definition 11. An m-parametric contraction is called completely decomposable if it can be 
presented as a composition of m one-parametric contractions. 

Any two-parametric decomposable contraction is obviously completely decomposable. 

Definition 12. If there exist two one-parametric contractions from q to gi and from gi to go 
then go is called a repeated contraction of g. 

Analogously, any /-repeated contraction is a result of / one-parametric successive contractions. 
The notion of repeated multi-parametric contractions can also be introduced in a similar way. 

The above definition can be justified in the following way. Let Ui{ei) and U2{£2) be the con- 
traction matrices of one-parametric contractions from g to gi and from gi to go correspondingly 
and Ug = Ui{ei)U2{£2), where e = (61,82)- Then there exists the repeated limit 

hm ( hm =^4 

£2— ^+0 -J ■'J ■> 

for all values of z', and A;', i.e., c^,-, are components of the well-defined structure constant 
tensor of the Lie algebra go- 

Remark 19. If the repeated limit can be replaced by the well-defined simultaneous limit 

\x^_{U,t,{U,)],{lJ^^tc%= hm f hm (C/,)MC/.)^,(f/f 
£^+0 ■' £2^+0 y£i^+o J •'J 

with E = {£1,62), then the repeated contraction turns into completely decomposable multi- 
parametric contraction. 

Example 4. Consider the algebra pair (so(3) © Ai, A4.1). In view of the necessary contraction 
criteria, the algebra so{2>)®Ai may be contracted to A4.1. It is difficult to construct a contraction 
matrix for this pair by the direct algorithm. Instead of this, we study repeated contractions from 
so{2>)®Ai to ^4.1 in detail. It is easy to see due to the level structure of the real four-dimensional 
Lie algebras (Figure [2]) that there are two different ways for the repeated contractions, which 
are associated with intermediate algebras A^^ © Ai and ^44 9. 

The generalized Inonii-Wigner contractions from so(3) (B Ai to A3 5 © Ai and from A3 5 © 
to A4.1 are provided by the matrices Ui = diag(ei, ei, 1, 1) and U2 = 19(6) diag(e2, £2, 1, £2) 
correspondingly. Their product 

Ue = Ui{£i)U2{£2) = diag(ei,ei, 1, 1)19(0) diag(e2, £2, 1, £2), 

gives a matrix- valued function of two variables e = (£1,62). Let us investigate how the contrac- 
tion generated by the matrix Ug acts on the algebra so(3) © Ai. 
The matrix Ug and its inverse matrix Ug^ have the explicit forms 

£2"' \ 

1 

We calculate all the different (up to antisymmetry) transformed commutators of the canonical 
basis elements of the algebra so(3) © Ai using the formula [ei,ej]s = [UgeijUgej] and the 
canonical commutation relations [61,62] = 63, [62,63] = 61, [63,61] = 62: 

[6l,62]e = £?£i64, [6l , 64]^ = -£i62 , [62, 63]^ = £164, 
[6l,63]£ = 0, [62,64]^ = 61, [63,64]^ = 62. 



( 




V 





£l£2 





-£i \ 



£2 

1 / 



/ £i£ 



-2 
2 



u; 











1 ^2 



£1 £ 
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Under the repeated limit £i — > +0 and then €2 +0 these commutation relations go to 
the canonical ones of the Lie algebra A^^i, i.e., composition of two successive one-parametric 
contractions results in the repeated contraction from so{3) © Ai to ^4,1. Moreover, the simul- 
taneous limit e = (£1,62) exists for the transformed structure constants. It implies in 
view of Remark [19] that the matrix Ug also gives the completely decomposable two-parametric 
contraction from so(3) © Ai to A^^i. After putting ei = E2 =: e, we construct a well-defined 
one-parametric contraction between the algebras under consideration. Unfortunately, it is not 
a generalized IW-contr action. 

Consider the way via the algebra g . The generalized Inonii-Wigner contractions from 
so(3) © A\ to ^4 9 and from ^44 9 to are provided by the matrices \J\ = In diag(ef , ei, ei, 1) 
and U2 = he diag(e2i £21 £2, l)i correspondingly. The repeated limit ei +0 and then £2 — > +0 
in the commutation relations 



^2^4, 



[ei,e2]£ = £1^264, [ei,e4]e = -£162, [62,63] 

[ei,63]e = 0, [62,64]^ = 61, [63,64]e- = e2 

obtained by transformation of the canonical relations of so{3) 



A-i with the matrix 



C/,- = C/l(£l)?72(£2) 



V 



-£l£2 









£i£2 




£2 




£2 





£1 






results in the canonical commutation relations of A4.1. The simultaneous limit e 
also exists. After putting £1 = £2 =: £, we construct the matrix 
-3 



(£i,e2) 



( 



\ 












£2 





£ 


/ 



/s diag(£^ £^ £, £) 



of a well-defined one-parametric generalized IW-contraction so(3) © — > Ai^\. Note that 
possibility of IW-decomposition of the matrix C/g.e into the product of a constant matrix and a 
diagonal matrix with powers of £ on the diagonal is obvious since the elements of any column 
of f/^^g contain the same power of £. 

In fact, a regular procedure for construction of generalized IW-contr actions via repeated 
contractions is described in Example [H 

The repeated contractions of Example [H lead to well-defined decomposable multi-parametric 
contraction. This fact is not true in the general case that is illustrated by the next example. 

Example 5. We failed to construct a generalized Inonii-Wigner contraction between the al- 
gebras 2^2.1 and ^4.1. At the same time, there exist the one-parametric generalized Inonii- 
Wigner contractions from 2^2.1 to ^4,3 and from ^4.3 to ^4.1 with the contraction matrices 
t^i = -^28 diag(0, £1, £1, 0) and C/2 = -^17 diag(£|, £2, 1, £2), correspondingly. Product of these 
matrices, 

Ue = Ui{ei)U2{e2) = /28diag(l,£i,£i, l)/i7diag(£2,£2, 1,£2), 



defines a matrix-valued function of two variables e 
matrix Uf^ have the explicit forms 



(£i,£2). The matrix Ug and its inverse 



^2 







-£2 


£l£2 




-1 



£1 





£2 
-£2 





-^2 








£-1 £0 



£-1 £0 



^1 ^2 
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The nonzero canonical commutation relations of the algebra 2^42.1 are [ei, 62] = ei, [63, 64] = 63. 
We calculate all different (up to antisymmetry) transformed commutators of the basis elements 
using the formula [ei, 62]^ = Uf^[Ugei, 11^62]- 

[ei, ejs = £261, [62, esje = -— ei + £162, 

£2 

[ei,e2]e = 0, [ei,e3]e = 0, [e2,e4]e = ei, [63,64]^ = 62- 

The transformed commutation relations go to the canonical ones of the Lie algebra ^4,1 only 
under the repeated limit ei — > +0 and then 82 — > +0. The simultaneous limit e ^ does 
not exist, i.e., the repeated contraction does not result in a multi-parametric one in this case. 
Therefore, to derive a matrix of one-parametric contraction, we have to constrain the parameters 
El and £2 in a special way. Namely, the condition £1 = /(£2) = o(£2), £2 — > +0 guarantees that 
the one-parametric contraction with the matrix exists and the resulting algebra has the 

same commutation relations as in the case of the repeated contraction. We put £1 = £2. The 
matrix U^2^ gives a well-defined one-parametric contraction between the algebras 2^2.1 and ^4.1 
under e +0: 

£2 

[ei, 64]^ = £61 0, [62, 63]^ = -— ei + £62 0, 

[6l,62]e=0, [6i,63]e = 0, [e2,64]£ = 6i, [63,64]e = e2. 

The matrix Us,e also provides a well-defined one-parametric contraction. Although the ob- 
tained commutation relations differ from the ones in the case of the repeated contraction, the 
resulting algebra is isomorphic to A^^i via the matrix 

/I \ 
0-100 
11 

V 10/ 

Finally, the matrix C/4 = Us^elsi the explicit form of which is adduced in Remark 1101 generates 
the contraction 2^2.1 ^4.1 in the canonical bases. It is not a generalized Inonii-Wigner 
contraction. 

Note also that there are other possibilities for repeated contractions from 2^42.1 to ^4.1. The 
algebras ^4,8, ^3.2 © ^1 and 4 © Ai can be used as intermediate ones similar to A4.3. 

What is a condition for repeated contractions to produce well-defined decomposable multi- 
parametric contractions? What is a way in order to obtain corresponding one-parametric con- 
tractions otherwise? 

Let Lie algebras in the pairs (g, g) and (g, g) be connected by the one-parametric contractions 
with the matrices Ui and Ug, c^j, c^„j,i and c^,-, be components of the structure constant tensors of 

the algebras g, g and g correspondingly, Ug = UgUe, where £ = {i, e). In view of the contraction 
definition, 

and therefore we have the repeated contraction 

]hn^,)t: (U,)^! iU,-')^„ (^hm^(f7,)^,(t>,)^„(^^-')r4) = 
= hm ( hm (C4)Mf4)^'(f4-')r4) = ^S'- 
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The latter condition is rewritten in the tautological form 



lim ( lim ^f/'/fe) ) = 0, 

!.'/_% ~k'i"i" / ~\ 

where g'l,-,{e) = g.,.,^„ {e) g^,/ {e), 

If the repeated limit in the tautological equation can be correctly replaced by the simultaneous 
limit e +0 or a simple limit with constrained values of ei and £2 then the matrix Ug results 
in a well-defined multi- or one-parametric contraction. More precisely, the following statement 
is obviously true. 

Lemma 4. The matrix = UiUi (or = ^ f{e) f{e)' ''^^^f^ fif'- (0) 1] ~^ (0)1] ^'^s con- 
tinuous monotonic functions, /,/—>■ 0, £ +0) gives a multi-parametric (one-parametric) 
contraction of the algebra Q to the algebra Q iff 

^_hm 4,(£-) = (^lim^5S,(/(£), /(£)) = 0) . 

Corollary 1. If the functions g^,j,j^„ (i) are bounded for any values of indices under e +0 then 
the matrix Ug = UiUg generates a two-parametric contraction of the algebra g to the algebra g. 

Theorem 5. Let the algebra q be contracted to the algebra q with the matrix U$ a,nd the algebra 
g be contracted to the algebra 5 with the matrix Ui. Then there exists a continuous monotonic 
function f : (0,1] ^ (0, 1], / ^ 0, £ — > -|-0, such that the matrix tie = tjf(_^)lJe results in a 
one-parametric continuous contraction from the algebra Q to the algebra g. 

Proof. Since are continuous functions for any values of indices then for any n G N there 

exists Xp > that g^,j,i^„ (e) < if £ G [^qrii |]- Hereafter we assume that the indices i, j, k, . . . 

run the whole range from 1 to n. In view of 5^,/ (i) under i +0, for any p € N there 

exists 5p G (0,1] that (£)| < n~ p~ min(l, x~ ) if £ G (0,Sp]. Without loss of generality 
we put Si > 62 > ■ ■ ■ ■ Then the desired function / can be defined by the formula 

f{e)=p6p{ip + l)e-l)-ip + l)6p+iipe-l), £G[^,i], peN. □ 

Theorem 6. Let the algebra g be contracted to the algebra g with the matrix Ui, the algebra g 
be contracted to the algebra g with the matrix Ug and the coefficients of Ug and Ug be expanded 
in Laurent series in a neighborhood of 0. Then there exists a positive integer v such that the 
matrix TJ^ = JJ^v JJ^ generates a one-parametric continuous contraction from g to g . 

k'i"i" 

Proof. In view of conditions of the theorem, the functions giijij^n and gj^,f are also expanded in 
Laurent series in a neighborhood of 0. Since gy,,j ie) under e +0 then ^^,/ (i) = 0{e) 

k'i"i" 

under £ +0. Let ji be the maximal module of powers in singular parts of gj^ijij^u ■ Then 
u = IJ,-\- lis the desired positive integer. □ 

Corollary 2. // the contractions g — > g and g ^ g are generated by matrices with coefficients 
being polynomial in the contraction parameters then the corresponding contraction g — ^ g can 
also be realized with a matrix of the same kind. 
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11 Conclusion 



We study the contractions of low-dimensional Lie algebras using inequalities between algebraic 
quantities of initial and contracted algebras. These inequalities are necessary conditions for 
contraction existence and are collected as a list of criteria in Theorem[TJ In addition to a number 
of previously known criteria, we formulate several new ones which concern ranks of adjoint 
representation, ranks and the inertia law of Killing and modified Killing forms, dimensions of 
radicals and nilradicals, etc. Criterion [16] is most important among the new criteria since it tells 
the real and complex cases apart. 

Due to wide variety the adduced criteria allow us to work with contractions effectively. As a 
result, complete sets of inequivalent continuous contractions of real and complex Lie algebras of 
dimensions not greater than four are constructed. Obtained results are presented in Sections [8] 
and[9l The lists of contractions of three- and four-dimensional Lie algebras are supplied with the 
explicit forms of the contraction matrices and are illustrated by diagrams. Since contractions 
assign the partial ordering relationship on the variety Cn of n-dimensional Lie algebras, the 
levels and co-levels of low-dimensional Lie algebras are also discussed in detail. 

Analysis of obtained results shows that any one-parametric contraction of a real or complex 
three-dimensional algebra is equivalent to a generalized Inonii-Wigner contraction. Contractions 
of four-dimensional Lie algebras except only four and two cases over the real and complex 
fields correspondingly are also represented via generalized IW-contractions. Accurate proof on 
impossibility of such representation for the exceptional cases is based on exhaustive study of 
filtrations on the initial algebras and is not presented in our paper. A sketch of the proof for 
the contraction 2g2.i S4.i was adduced in [9]. 

All constructed contraction matrices include only nonnegative powers of contraction param- 
eters, i.e., there exist limits of the contraction matrices under e — > +0. It seems that this 
phenomenon is broken for higher dimensions at least in the class of generalized IW-contractions. 
Thus, it is stated in [78j that a generalized IW-contraction of the algebra A5.38 ([61,64] = 61, 
[62,65] = 62, [64,65] = 63) to the algebra 2A2.1 © Ai necessarily contains negative powers of 
contraction parameters. 

An important by-consequence of complete knowledge on limit processes between Lie algebras 
is creation of additional possibilities in studying the variety formed by these algebras. Structure 
of the variety >Cn(C) of n-dimensional complex Lie algebras is well known for any n from 1 to 7 
[121 [30I [45l [60] . Over the real field we observe the natural effect of component bifurcation in 
comparison with the complex case. Thus, /23(M) has four irreducible (over M) components 

0(s/(2,M)), 0(so(3)), UaO(A|J, UfeO(4.5) 
having same dimension 6. £4(M) consists of eight irreducible (over M) components 
0(s/(2,M©Ai)), 0(so(3)©Ai), 0(2A2.i), 0(^4.10), 

each of which is 12-dimensional. Here the series parameters are assumed to satisfy usual normal- 
ization conditions of this Lie algebra classification [551 ESI [66] . Precise description of structure 
of the variety >Cn(I^) for small n's will be a subject of a further paper. 

Fulfilled investigation does not only solve previously posed problems but also generates new 
ones. We remark only on some of them. 

A family of new problems concerns necessary contraction criteria. Is the adduced list of 
criteria sufficient in the case of higher dimensions for separating all the pairs of Lie algebras the 
first of which is contracted to the other? What is a sufficient list to do it for a fixed dimension n, 
e.g., n = 5? Are there sufficient lists which are suitable for an arbitrary dimension? And if 
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such lists exist, what hst is minimal? Will Criterion [16] based on the inertia law of Killing and 
modified Killing forms tell the real and complex cases apart for an arbitrary dimension similar 
to the low dimensions or should additional criteria of such type be found? 

At the moment we know only one independent criterion with strict inequality for proper 
contractions, namely. Criterion [1] on dimensions of differentiation algebras. The other well- 
known criterion with strict inequality between the orbit dimensions is equivalent to Criterion [1] 
since dim 0(0) = (dimg)^ — dimDer(g). It seems true that there are no other such criteria which 
are inequivalent to Criterion [1] but it is not known certainly. 

Consideration of three- and four-dimensional algebras allows us to conjecture that the ap- 
plied algorithm will also be effective in dimensions five and six. Classifications of five- and 
six-dimensional Lie algebras are known. (See [65\ [66] for review of these results.) Thus, the 
five-dimensional algebras were classified in [56] over both the real and complex fields. Unfor- 
tunately, the classifications should be tested and enhanced before application. A way in what 
the classifications should be modified to be more suitable for investigation of contractions and 
deformations was pointed out, e.g., in [2l 124] . 

In the future we also plan to extend our investigations by studying deformations and con- 
tractions of realizations of low-dimensional Lie algebras. The necessary background to this is 
given by [65,] in the form of classification of such realizations. 
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